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A compact 2D finite-difference time-domain method for
full-vectorial analyses of photonic crystal fibers with

material dispersion
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We present a compact 2D finite-difference time-domain full-vectorial method by reformulating the time dependent Maxwell’'s
curl equations with electric flux density and magnetic field intensity, with auxiliary differential equations using
complex-conjugate pole-residue pairs. The model is general and robust to treat general frequency-dependent material and it
can be easily extended for nonlinearity analysis. As an example, the Sellmeier equation is implicitly incorporated as a special
case of the general formulation to account for material dispersion of fused silica. The correlation results match well with

multipole method. The relative error is within 0.02%.
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1. Introduction

Photonic crystal fibers (PCFs) have attracted a great
deal of attention in optics research domain since its
introduction in 1996[1]. PCFs, generally classified in two
classes, i.e. index-guiding PCF and photonic bandgap PCF,
can offer many superior properties over conventional
step-index fibers, such as endlessly single-mode
operation[2], high birefringence[3], high/low
nonlinearity[4], tailorable dispersion[5], or even guidance
in a hollow core[6]. With the growing interest in PCFs,
effective numerical modeling is an indispensable tool as
mathematical analyses are difficult for PCF. Several
modeling methods have been proposed to study the modal
properties of PCFs, including the multipole method[7,8],
the beam propagation method[9], the finite element
method[10], and the finite-difference method in time
domain (FDTD)[11] or frequency domain (FDFD)[12].
Among all these methods, the FDTD method has been
recognized as a powerful technique.

A compact two-dimensional FDTD (C2D-FDTD)
approach is proposed to solve guided modes in PCF by
assuming the propagation constant real and constant along
fiber axis[13]. Recently W. Jiang et al. [14] proposed that
by implicitly including Sellmeier formula in the
formulation by introducing an auxiliary polarization
current density, material dispersion of fused silica can be
processed. However, for other frequency dependent
material, which Sellmeier formula may not provide
accurate estimation of the material permittivity, their
formulation is no longer sufficient. To give a general and
comprehensive modeling for material dispersion in PCF,
we use a generalized formulation of Maxwell’s curl
equations by flux density and magnetic field with
complex-conjugate pole-residue pairs, and we demonstrate

that our approach is more general and robust to treat
complicated frequency dependent material in PCF. The
effective indices of guided modes are calculated by our
FDTD model are found to be within 0.02% relative error
compared to multipole method.

2. Formulation
For a linear isotropic material in a source-free region,

the time-dependent Maxwell’s curls equations can be
written using the flux density in a form:

oD 1
—= VxH (1
N2

D(w)=¢, (0) E(w) 2
oH __ 1 VxE (3)

E \Y} 50/'[0

where g_ [ g and p_ |1 p | & (o)
Ho EoHy
characterizes the material constitution between electric
field intensity and electric flux density, and it is in
frequency domain. The advantage of using electric flux
density and magnetic field intensity formulation comes
when we deal with complicate materials, such as
frequency-dependent material, lossy or gain medium
material[15] etc, as we can see the complexity only adds to
the constitutive equation which leaves the other two curl
equations unaffected. Generally, a comprehensive
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expression for g: (a)) should comprise several terms

accounting for the linear index of the system, material
dispersion or frequency dependence on the material index,
and nonlinearities as a function of intensity. For general
dispersive material, we start from a general permittivity
formula as the sum of complex-conjugate pole-residue
pairs [16] for a given dispersive medium. We can add the
conductivity of the material into consideration without
adding much complexity. The last term in Eq. (4) denotes
Kerr-type nonlinearity.
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In this paper, we discuss the dispersive material modeling
in linear regime. The constitution equation can be expanded
as

D(w) = gxé(a))-*—kZZCK l(jo-a)+c, /(jru—a;)-l_E(w) +J.T€O. E(w) (5)
Here we define the auxiliary parameter S and S* pairs to
describe the material dispersion and | to describe the
conductivity term. In the sampled time domain, at every
time step n, the parameters Sy, | and electrical field are
updated accordingly.
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It should be noted that everything concerning the
medium is contained in Eq (4), the calculation of the flux
density and magnetic field which contains spatial
derivatives are unchanged with respect to media. In the
following sections, we use D, E and H to denote the
normalized components.

For the guided modes in PCF, C2D-FDTD method
explicitly factors out the time-dependence of exp(—jAz)

where z is the propagation direction along the fiber axis.
The unit cell of the two-dimensional FDTD mesh across the
fiber transverse plane is depicted in Fig. 1. The complete set
of equations for field components as well as auxiliary
differential equations is obtained as Egs. (8) to (23).
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Fig. 1. Unit cell of the two-dimensional FDTD mesh.
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The index n denotes the discrete time step, indexes |
and j denote the discretized grid point in the X-y plane
respectively. At is the time increment, and Ax and Ay are

the grid size along X- and y-directions, respectively. The
parameters x, and p,_ are calculated using Eq. (23) and

they are generally complex numbers, o, and c, are

position dependent parameters which are corresponding to
different materials.

The above presented formulation is able to treat Debye
media and Lorentz media in an unified manner[16], which
definitely reduces implementation cost when dealing with
different frequency-dependent materials. The Sellmeier
formula is a special case of this model. In particular,
letg =1, ¢, =jbw /2 and ¢, = jo, , the above
formulation is exactly the same as ADE formulation for a
medium modeled by Sellmeier equation.
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For bulk fused silica, b;=0.6961663, b,=0.4079426,
b;=0.8974794, A,=0.0684043 ;m ,

X=0.1162414 ym,

23=9.896161 ym, where A;=2mc/w; and c is velocity
of light in vacuum. ¢, and ¢, are calculated accordingly
and position dependent parameters x, and p, are known.

Averaging techniques in the sampling is applied to improve
the accuracy and convergence of the FDTD algorithm. To
simulate the unbounded regions, we use perfectly matched
layer (PML) method to allow the incoming wave to pass
through the boundary with minimized reflection. An
artificial initial field distribution is introduced and
sufficient time steps are used to absorb unphysical field
components with only guided modes remain. The
calculated fields are then transformed into frequency
domain to extract spectral information.

3. Numerical results

Let consider a structure with a single ring of six equally
spaced air holes with d = 5 pum, A = 6.75um,
A = 1.43 pm, the background material is silica. The

dielectric constant is described by Sellmeier formula, and
the conductivity is 0. d denotes the air hole diameter, A is
the hole to hole distance. The computation domain is
shown in Fig.2 with six holes in the cladding, fiber core is
solid. A total of 19600 (140 x 140) mesh points are in the
computation domain, and the total number of the time steps
is 100,000, with each time step

At = 0.1/C\/AX’2 +AY 2+ (ﬁ/z)z . The effective index

calculated by the current FDTD program is 1.441469,
compared to multipole method [8] which is 1.441465, we
see a very good agreement. We further investigate the mode
profile of X-polarization at this wavelength as shown in Fig.
2, which are normalized electrical fields and they correlate
with multipole method very well. In our FDTD program,
the propagation constant 4 is the independent variable

rather than the free space wavelength A. To correlate the
results with multipole method which uses wavelength as
the input, we performed a regula falsi search on the
propagation to obtain the desired wavelength before
calculating the mode profile.
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Fig. 2. Normalized fields |E,|, |E,|, and |E,| for a
x-polarized fundamental mode for a six-hole PCF, with
effective mode index ne = 1.4414609.

The calculated effective indices of guided modes in the
fiber are shown in Fig. 3, which includes the material
dispersion. The wavelength spans from 1.4 ym to 1.5 ym,

we see that they agree well, the largest relative discrepancy
is less than 0.02% from multipole method.
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Fig. 3. Mode indices of guided modes of the six-ring

photonic crystal fiber. The solid line is obtained by

current FDTD model, the dotted line is obtained by

multipole method. The largest relative error in effective
index is less than 0.02%.
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Fig. 4. Total chromatic dispersion of the six-ring

photonic crystal fiber. The solid line is obtained by
current FDTD model, the dotted line is obtained by
multipole method.

The total chromatic dispersion is also calculated and
shown in Fig. 4. We could see the results obtained by our
FDTD model match well with multipole method. For other
materials in PCF, such as nonlinear dispersive materials, or
gain mediums, only the constitutive material equation
which relates the electric field and flux density needs
corresponding  modifications. The curl equations
concerning flux density and magnetic field remain
unchanged.

4. Conclusions

We have given the basic formulation of our FDTD
method based on flux density and magnetic field. And we
have shown this method is a general approach to calculate
the modal properties in PCFs with different
frequency-dependent ~ material. ~ With  appropriate
parameters defined in the complex-conjugate pole-residue
poles, general dispersive media can be processed. Fused
silica is a special case and Sellmeier formula can be treated
as a particular case in the formulation as well. The results
are in good correlation with multipole methods. At this
stage, lossy medium with position dependent conductivity,
as well as material dispersion for general dispersive media
can be processed easily in the frame of the model. The
method can be extended with nonlinear medium which
would require a modification in the constitutive equation
only.
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