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A numerical method to analyse the thermal phenomena
involved in phase transformations at laser beam

irradiation
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The first part of this paper deals with the differential equations system, which governs the laser processing of materials in
the presence of the O, jet, occurring on the mobile irradiation. It deals also with the hypotheses basing the equations system
obtained. Spatial and temporally distribution of temperature inside the material is governed by the full source of temperature,
which has been modelled by taking into consideration the fact that the irradiation is made with a CO, laser with a “Gaussian
distribution” of photons beam’s intensity and oxidizing energy. The second part of paper deals with the determination of
separation frontiers equations and graphical representations of radial distribution of the temperature of the three phases:
solid, liquid and vapours. The results thus obtained allow the determining of the technological parameters of processing and

the material constants.
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1. Introduction

The mathematic model analysed derives from the
thermal transfer equation in a homogeneous medium
heathen by a laser beam. In time, the medium submitted to
the actions of the laser presents the solid, liquid and
vapour state separated by previously unknown frontiers. A
simplifying model taking into consideration these
frontiers, by considering them as having a cylindrical
symmetry, was proposed.

By specifying the pattern D, the initial conditions of
the temperature and the conditions on D pattern frontiers,
one can have the solution of thermal equation, T(x,y,z,t)
for a certain substantial. It must mention here that the very
same substantial has different reactions when in solid,
liquid or vapour state and in order to obtain thermal
distribution it is necessary to solve simultaneously thermal
equation for each of the phases with specific initial and
boundary conditions. It was considered in the paper three
phases of evolution in time of these phenomena: phase 1
for the solid state of the substantial, phase 2 that includes
both solid and liquid state, phase 3 in which all three solid,
liquid and vapour states are to be found.

The irradiated area being much smaller than the size
of the object, the pattern D dealing with thermal equation
may be approached as a semi-space.

2. Equations on mathematical model

Because the print of the laser beam on the surface of
the material is circular, thermal phenomena produced
within the substantial, have a cylindrical symmetry. Oz is
considered as symmetry axis of the laser beam, the object

surface equation is z = 0 and the positive sense of Oz axis
is from the surface to the inside of the object.

The thermal equation within cylindrical co-ordinates
(0,r,z) will be [1,3,4]:
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Due to cylindrical symmetry, 292 =0 and equation

(1) changes to:
10T 10T o°T  0°T
—— = +
Kot ror or’ o0z

Pattern D within thermal phenomenon are produced is
z2>0.

In time, successions the phases the object suffers
while cut by the laser beam are the following:

— phase 1, for 0 <t <ty

- phase 2, for ti, <t <ty

— phase 3, for t > t,,, where ty,, is the time moment
when the melting of the material starts and t.,, is the
time moment when the process of vaporising of the
material starts.

The surfaces separating solid, liquid and vapour state
are previously unknown and will be determined using the
conditions of continuity of thermal tide on separation
surfaces of two different substantial, knowing the
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temperature of the separation surface and the speed of
separation surface.

Referring back to the three time equations, these are
as follows:

Phase 1
10T 10T o1 &
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K, ot ré‘r+(’3rz+522 ®
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T(rw,z,t =T, )
T(r,zm,t)zTa (6)
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62 z=0 kl
oTkzt)  _o g (8)
6Z z=0 ’

where: d is the ray of the laser beam, k; is thermal
conductivity that belongs to solid state, T, is environment
temperature, s - the power tide on the surface to work on
and K, is the diffusivity of the material that belongs to
solid state.

The power tide on the processed surface belonging to
solid state and is given by the relation [2]:

05(r.0,t) = Cg - Y )

where: Cs = (As - P1) / nd* (As - absorbability of solid
surface; Py - the power of laser beam).

Equation (4) represents the initial condition, equations
(5) and (6) are limit conditions of Dirichlet type, and
equation (7) and (8) are limit conditions of Newman type
(thermal tide imposed on the object surface).

Because it was assumed that the area of thermal
influence neighbouring the cut is comparable to the width
of the cut it may consider that r,, = 6d. Values bigger than
the thickness of the substantial will be taken into
consideration for z,.

Phase 2 - initial conditions are:

1(0,0,t,,,)=T,, (10)
T(r,z,tmp)zTl(r,z,tmp), z>0 (11)

where: T, is the equation solution (3) and Ty, is the
melting temperature of the substantial.

In order to determine limit conditions it is stipulated
the areas taken by the liquid state, respectively the solid
one. The frontier equation between liquid and solid state is
considered as r = f(z,t). By intersecting this frontier with
plan z = 0 derives the curve r = f1(0,t).

Identically, by intersecting the frontier with the line
r = 0, it results z;(t) as solution of the equation fi(zt) =
0. The following areas are the results: D, area taken by the
liquid state is defined by r < fi(z,t) for 0 <z<z(t);

D, area taken by the solid state is defined by r e [fi(z,t),
Iv], 0 <z<z(t)and r € (0, 1), z > 74(t).
In D, area thermal equation is:

1o 10T 0T &'
K, 0t ror or?  87?

(12)

and in D, area thermal equation is (3).

K, represents the diffusivity of the substantial
corresponding to liquid state.

On the frontier separating the two phases, the limit
conditions are:

T, (r,z,t]r:fl () = T, (r,z,tLfl () = Tip> 2> 0 (13)

K oT, _ 0T,
1 2
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r=f, (z,t)

where: T, is the equation solution (12), k, is thermal
conductivity corresponding to liquid phase, p; is mass
density corresponding to liquid phase, v, is the normal
movement speed of the separation frontier between liquid
and solid state, Lo, is the latent melting heat and n is the
normal on the separation surface.

For z = z,, respectively r = r,,, the limit conditions are
conditions (5) and (6).

For z = 0 situations a) r; < d or b) r; > d can be
obtained.

For situation a) the limit conditions are:

0Tzt Ly o0, refor]  (9)
0z 220 k,
0T(r,zt) =i¢s(r,0,t), re(r,d] (16)
aZ z=0 kl
aTlzt) o ug (17)
0z =0

The next relation gives the power tide on the
processed surface corresponding to the liquid state:

q>L(r,o,t)=(:L~e{[fJ (18)

where: CL = (AL - Pr) / nd? (AL - absorbability on liquid
surface).
For situation b) the limit conditions are:

)Ly o), reld] (o)
0z 0 k,
M :O, r>d (20)
aZ z=0

Phase 3 - initial conditions are:

T(0,0,t,,,)=T,,, @1)
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Tzt )=T(nzt, ) (Lz)eD,\{00)}  (22)

T(rzt

A =Tz, ) (n2)eD, (23)
where: T,,, is the vaporising temperature of the
substantial.

In order to determine the respective patterns it is
considered the equations of the frontiers between liquid
and solid state, r = fi(z,t) and r = f)(z,t) between vapour
and liquid state. By intersecting these frontiers with plan z
= 0 curves 1; = f1(0,t) and r, = f5(0,t) are obtained. The
same by intersecting the frontiers with the right r=0,
z1(t), equation solution fi(z,t) = 0 and z(t), equation
solution f(z,t) = 0 are obtained.

The following patterns derive in this way:

— pattern Dj; taken by vapour state is defined by r
< fy(z,t) for 0 <z < zy(t);
— pattern D, taken by liquid state is defined by

<r <fi(zt) for zy(t) <z < z(t);

— pattern D; taken by solid state is defined by r

€ (fi(z,t), 1,,), 0 <z <z(t) orr € (0, r,,), z> 7y (t).

In pattern D; thermal equation is:

fi(z,t)

1 0T _ 16T 6T o°T

K, ot ror 6r 8 07> %)
and in pattern D, respectively D; equations are (3) and
(12). K3 represent the diffusivity of the substantial
corresponding to vapour state.

On the separation frontier between D3 and D, the limit
conditions are:

T (r’Z’tha )= L2 (r’z’tlrzg(z,t) =Tp> 2>0 (25)
k3 ﬂ = k2 aTZ = pv : Lvap : VVn (26)
on r=t, (z,t) on r=f, (z,t)

where: T; is the equation solution (24), k; - thermal
conductivity corresponding to vapour state, p, - mass
density corresponding to vapour state, vy, - normal
movement speed of separation frontier between vapour
and liquid state, L,,, - latent heat of vaporisation.

On the separation frontier between D, and D, the limit
conditions are (13) and (14). For z = z,, respectively r =
I',, the limit conditions are conditions (5) and (6). On z =0
frontier the following situations can occur a) r; < d; b) r, <
dandr;>d;c)r,>d.

For situation a) the limit conditions are:

O0Tl(r,z,t 1
_%z—u :E[(I)V (r’Zfr,t)_d)r_d)C]’
re[O,rz]
27)
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8T(r,z,t)
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The power tide on the surface to work on
corresponding to vapour state is given by the relation:

=0, r>d (30)

z=0

by[rzq.t]=Cq e <) 31)

P my-ep, Vs

where: C,=C, +Cq4 + Mo -

oxidizing efﬁc1ency, € - oxﬁﬁ]zang ener%’ on completely

oxidized metal atom, vs - the speed of vaporisation

frontier, M - atomic mass of the metal, dy - ray of the laser

beam on the separation frontier between vapour state and

liquid state and it is calculated with the relation (32); z - z

co-ordinate corresponding to the frontier between vapour
state and liquid state).

dy =d+ -z, (32)

where: D is the diameter of the generated laser beam and f
is the focusing distance of the focusing system. In (27),
the power losses through electromagnetic radiation, ¢, and
convection, @, were taken into account [8]:

o, =o(T, -T7) (33)
¢.=H(T,,,-T,) (34)

where: o is Stefan-Boltzmann constant; H - substantial
thermal transfer constant. The emittance of irradiated arca
was considered equal to 1.

For situation b) the limit conditions are:

_M :L[(I)V(razfr’t)_d)‘"_d%]’
o0z . k,
re[O,rZ] (35)
ot Ly 00, refmd G
oz |, k,
ozt o iy @)
aZ z=0

For situation c) the limit conditions are:

_M :L[d)v(r’zfr’t)_(br_d%]’
oz . ky
re[O, d] (38)
M :0, I'>d (39)
oz |,

3. Determination of separation frontiers
equations
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The problem of determining the frontiers [5,6] occurs
in moment t > t,,,. As initial moment, t = t,, is considered.
For the next moment, t,, + At, the point where the
temperature is equal to Ty, and which is the origin of co-
ordinates system, transforms itself in a surface whose
equation must be determined. Based on experimental
results [6], the shape of this surface is known.

Therefore, this surface is governed by the equation of
a rotating ellipsoid having Oz as the symmetry axis. The
parameters that determine this surface (o, ) are variable
in time.

In this case the cylindrical co-ordinates equation for r
> 0 will be:

r=2\p? -2 (40)

with: oo = a(t) and B = B(t).

In order to determine the parameters o and 3, there
are two conditions. The relations that tie the temperature
gradient on normal direction surface submit these
conditions and the movement speed of the surface in this
direction:

6_T:_£V (41)
on

where: L is the latent heat of melting or vaporisation and
v, is the normal movement speed of the frontier. Relation
(41) is applicable in points M,(0, z(t)) and M(r(t), 0) in
order to obtain the points of the frontier, M, (0, z(t + At))
and M ((x(t + At), 0).

For point (0, z(t)):

OT_ ey oy KTy (42)
oz k pL 0z

z(t+At)-2z(t)

where: v, = and results:

At

2(e+a0)=2(0)- 22T M0 At (43)
pL 0z

For point (r(t), 0):

T Ply =y, ==Xy @)
or k pL Or
where: v, = w and results:

At

(i a0)=r(t) —2L v (45)
pL Or

With (43) and (45) it are determine:

a=oa(t+At)and B =p(t+ At):
a=r(t+At), PB=z(t+At) (46)

The initial moment when applying the presented
procedure is tgp, moment in which z(t,,) = 0 and

1(top) = 0. Because in z = 0 and r = 0 the temperature
gradient on z direction is,

oT 1
— =——¢.(0,0,t) (47)
oz| _, k,
in equation (43) results:
z(twp+At):MAt (48)
pl LTop
and equation (45) becomes:
T, —T\AT
r(twp+At):mp—()-k2-At (49)
Ar- Py LTop

where: p; is the mass density corresponding to liquid
phase, Lt - the latent heat melting, and:

8_T - T(r+Ar)—T(r)

50
or Ar (50)

The same procedure is to be followed for t = t,,,
formula.

4. Numeric results

The equations of the theoretical proposed model to
describe the way the material submitted to laser action
reacts were solved numerically by finite differences
method.

The variables and the unknown functions were non-
dimensional and it was chosen a net of equidistant points
in the pattern presented by the substantial. Because the
points of the net neighbouring the frontier have the
distances up to frontier different of the net parameters
some digitization formula with variable steps have been
used for them. Because the initial moment of interaction of
the laser beam with the substantial does not depend on the
parameters of the discrete net, it was necessary to replace
it in initial condition on frontier z = 0, the temperature
gradient reported to z with the temporal temperature
gradient [2,6]:

7, = 2Kt (51)

where z,, represents the depth of heat penetration after a t
irradiation time (the point where temperature starts to be
neglected as reported to the increasing of temperature on
the surface).

Taking into account the relation (51), the temperature
gradient in relation to z becomes:

or_ [t ot

= |— 52
0z K ot (52)
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An algebraic system of equation solved at each time-
step by column method was obtained after digitization and
application of the limit conditions. The procedure is
specific to implicit method of solving numerically the
thermal equation and it was chosen because there were no
restrictions on the steps in time and space of the net.

The calculus program was written in FORTRAN
language and with the help of a PC there were certain
numeric results obtained which permitted a comparison
between the proposed method, experimental method and
analytical method [6,7]. The calculated and compared
parameters were the cutting speed and the cutting
thickness.

The results for different powers of the laser are
presented in a graphic format.

As input data there were considered:

— the substantial constant of iron (for solid, liquid and
vapour state);

— the ray of the generated laser beam: D = 10mm;

— the number of intervals on direction y: N = 32;

— the number of intervals on direction x: M = §;

— the step in time: DELTAT = 107s;

— the maximum thickness of the substantial to be
worked on: GR = 12mm.

It was denoted p the pressure of the working gas,
usually oxygen or nitrogen. Parameter p influences the
cutting process by means of power flow.

The temperature distributions at different depths
within the material, for a laser power P = 400W, and a
processing time t = 1ms, are presented in Figs. 1...4.
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Fig. 1. Temperature distribution for z = 0.
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Fig. 3. Temperature distribution for z = 0.375mm.

Fig. 4. Temperature distribution for z = 0.754mm.

Figs. 5 and 6 are showing the temperature distribution
for a laser power PL = 1000W and processing time t =
10ms. Temperature distribution was represented in two
situations: at the material surface and at the material
evaporating depth (z = 4.192mm).

Fig. 5. Temperature distribution for z = 0 (P, = 1kW).
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The temperature distributions at material surface for
P =400W and P. = 1000W are quite identical, as one can
observe in Figs. 1 and 5.

Fig. 6. Temperature distribution for z = 4.192mm.

Fig. 7 shows the vaporization depth variation as a
function of laser power, for three values of the processing
time, and figure 8 presents the vaporization depth
variation as a function of additional gas, (O,), pressure, for
three values of the processing time. The vaporization
depth has a nearly linear increasing with the laser power.
For an additional gas pressure greater then 2 bars, the
vaporization depth is quite constant, owed to the
insignificant variation of the oxidizing efficiency in this
case (o =0.99...1).

Zygplmm]  Za(t=L5ms)
Z3(t=30ms)
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Fig. 7. Vaporization depth variation within the material,
function of the laser power.
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Fig.8. Vaporization depth variation within the material,
function of the pressure of the additional gas.

The depths corresponding to the melting and
vaporization temperatures  are: = Zgy 4.288mm,
respectively zy,, = 4.192mm.

The moments when material surface reaches the
vaporization and melting temperatures are:

=0.132-107s..

The material vaporization depth is depending on the
processing time, and the considered input parameters as
well. So, for a 10 times greater processing time and a 2.5
times greater laser power, one may observe a 10.94 times
greater vaporization depth, compared with the previous
case.

ty,, =0.181-107 s, respective ty,,

5. Conclusions

The mathematical model proposed represents a
method of determining the temperature distribution and
the cutting thickness when cutting metallic substantial
with concentrated laser beam assisted by an active gas jet.
The method of numeric calculation used, in comparison to
other known methods, has the advantage of approximating
more properly the real phenomenon, considering the
simultaneous existence in the substantial in the area of its
interaction with the laser beam of all three solid, liquid
and vapour states. In the same respect, it is taken into
account the effect of de-focusing of the laser beam
together with its evolution into the material as well as the
losses of energy through electromagnetic and convection
radiation.

The method proposed solves simultaneously the
thermal equation for all three states (solid, liquid and
vapour) determining the temperature distribution in the
substantial and respectively, the thickness of penetrating
the substantial for a certain cutting time, having been able
to calculate the speed of substantial vaporising. For a
better approximation of the real phenomenon, specific
substantial parameters specific to each phase of the cut
substantial were considered.

Among the hypothesis on which the mathematics
model is based on and hypothesis that need a more
thorough analysis is the hypothesis on frontiers formation
between solid state and liquid state, respectively, the liquid
state and vapour state, supposed to be known previously,
parameters that characterise the frontiers being determined
from the thermal regime prior to the calculus moment.

The indirect results obtained as such (the thickness of
penetrating the substantial, the vaporisation speed) certify
the correctness of the hypothesis made with frontier
formula. The known considering of frontier formula
necessitated the utilising of the axiom for constructing the
numeric program: between the frontiers that separate two
stages, the temperature is always within the value of the
temperatures on to the two frontiers.

The results thus obtained are placed within the limits
of normal Physics, which constitutes a verifying of the
mathematics model equation.
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