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Analysis of band structure and electric field in two-
dimensional surface plasmon-polariton crystals
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The behavior of electric field in two-dimensional surface-plasmon polaritonic crystals is presented. First the photonic band
structure for surface plasmon-polariton propagating across the square lattice of metal (silver) hemi-ellipsoids is calculated
by using the two-dimensional reduced Rayleigh equation. Then we calculated the normalized electric field E, at mid-
distance between hemi-ellipsoids for two high-symmetry points X and M in the first Brillouin zone and found out the regions
of highest electric field, which are of great interest for understanding the electromagnetic mechanism in surface-enhanced

Raman scattering.
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1. Introduction

In recent years the optical properties of materials that
possess a periodic modulation of their refraction index on
the scale of the wavelength of light have received much
attention [1, 2]. Such materials can exhibit photonic band
gaps that are very much like the electronic band gaps for
electron waves traveling in the periodic potential of a
crystal. In both cases frequency intervals exist where wave
propagation is forbidden. Materials with band gaps for
propagation of light waves are called photonic crystals [3].
The existence of photonic band gaps allows complete
control over the radiative dynamics of atoms and
molecules embedded in photonic crystals such as the
inhibition of spontaneous emission for transition
frequencies [4-6].

A special case of photonic crystals are the periodic
metallic nanostructures which support electromagnetic
excitations called surface plasmon-polariton (SPP) modes.
The SPP are evanescent waves produced by the resonant
interaction between light and free electrons at the interface
of metallic and dielectric materials. The excitation of
surface plasmons in plasmon-polariton crystals can play a
crucial role in light-matter interactions too [7, 8]. For
instance, intensive gathering of the surface plasmon modes
on nanostructured metallic surface gives rise to high
density of states and local field enhancements. These
features find various applications in optical data storage,
miniaturized photonic circuits, surface-enhanced Raman
scattering, biosensing, light generation, and solar cells [9].

In recent years, a great deal of effort has been devoted
to study the properties of plasmonic crystals both
theoretically and experimentally [10-13]. The aim of this
work is to calculate the band structure of SPPs for a square
lattice of metal (silver) hemi-ellipsoids deposited on a flat

metallic surface and determine the regions of highest
electric field and highest density of electromagnetic modes
between hemi-ellipsoids [12, 13]. Our study is of great
interest for understanding the mechanism of enhancing
Raman signal (SERS) from molecules adsorbed on such
metallic nanostructures. Resonant interaction of light with
surface plasmon polaritons [14-16] and interference of
diffracted evanescent waves more recently [17], are the
main mechanisms proposed for the enhanced transmission
in Surface Plasmon Resonance (SPR) and Surface
Enhanced Raman Scattering (SERS).

2. Theory of two-dimensional reduced
Rayleigh equation

We consider a double periodic rough interface
separating a metal (silver) medium in the region x3<C (X))
and a vacuum in the region x3>C (X)), where X=(x, x», 0)
(see Fig. 1). The profile function that describes a square
lattice of hemi-ellipsoids with radius R and height HR can
be written in the form:

F(xy) =2 S(x,-x{"™") (1a)

where

H R?>-x7,|x,|<R
S( x = [ I 1b
v {o . Ix, > R (v

Its Fourier series representation admits an analytic
form [12]:
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where J and I" are the Bessel function of the first kind and

respectively gamma function.
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Fig. 1. Double-periodic square lattice. Up: View from

above of square lattice with primitive translation vectors

a;and a,. Down: Cross-section of hemi - ellipsoids with
radius R and height HR.

The position of each unit cell of the square lattice
describing the periodic array of scatterers is given by: XH(m)
=m; a; + m, &, where a;, @, are the primitive vectors of
the (square) lattice, while m; and m, are two integers
labeling the unit cells, collectively denoted by m. The
position of cells within the associated reciprocal lattice are
defined by G™ = m, by + m, b,, where b; , b, are the
primitive vectors of the reciprocal-lattice satisfying the
relation a; -bj = 2m §;; , Lj=1,2. The primitive vectors of the
square lattice and its reciprocal-lattice are: a; = a(1,0), a,=
a (0,1), by = 2n/a (1,0), b, = 2n/a (0,1). The area of each
unit cell is a,= | a; x @,| and for square lattice a,= 1.

The electric field in the vacuum can be written in the
form:

E(x, )= exp(i K™ -x, -Bi™x; -i 0 1)x
Cr.ompm S m m S z (m m
X{w[lw B SR KMIAM (K )+ %, x KM )(k)}
(3)

where K| = (k;, k;, 0) is the wave-vector of SPP. We use
abbreviations: K™ = k; +G™, K™ = |K™|, K|™ =
K™ /K, ™. We define the function:

Bo™ = [( K™~ (/)] “4)

The subscripts s and p of the coefficients A ™ and
Ap(m) denote the s-polarized, respectively p-polarized
components of the electric field with respect to the
direction of propagation. These coefficients satisfy the
homogenous form of two-dimensional reduced Rayleigh
equations that has the following form [18]:

g B B K ﬂm)-B‘"ﬂ’(lA(ﬂm)ﬂ‘”‘m’)BIT' —%B‘"’(: i XAK‘F)){A‘Fm)(kH)}O 5
B -py” B (K7 xK™), @K™ K™ JA"K)

The (2x2) matrix in eq. (5) couples the two different
polarization modes. This nonperturbative approach, based
on reduced Rayleigh equation, is valid for any rough
dielectric substrate that support SPPs. Eq.(5) is exact
within the domain of validity of the Rayleigh hypothesis,
which can be defined by the condition for profile function |
V {( x ) [<<I [18]. In our case, the profile function given
by eq. (1) is non-analytic and violates the Rayleigh
hypothesis. However, it was shown in papers [19,20] that
convergent results can be obtained if the hemi-ellipsoids
are not too high H < 0.4 and the number of Fourier
coefficients £™(y) is limited. In this way is obtained an
analytic profile function that approximates the initial
profile function and for which the Rayleigh hypothesis is
valid.

We have defined the following function:

B™ = [( K™Y~ g(w) (w/e)]" (6)

The functions o™ and P™ are the inverse decay
lengths of the electromagnetic field of a surface polariton
into the vacuum, respectively into the medium (in the case
where K™> w/c).

The medium is characterized by a real, isotropic,
frequency-dependent dielectric function &(w). Dielectric
function is described within Drude nearly free-electron
model:

go)=1-0,/0 7

where o, is the plasma frequency of conduction electron in
the bulk of the metal. The polaritons considered here are
surface-plasmon polaritons associated with collective
oscillations of the surface electron density. We require that
Re( g(w))< - 1 in some frequency range. It is within this
frequency range that surface polaritons exist, when ®

<(1/ \/5 ) o,. For silver we have the value h 0,=3.78 eV.

3. Method of calculation

We present dispersion curves, density-of-states and
electric field for non-radiative modes without ohmic
losses. They are calculated for wave vectors K=(k;k,,0)
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along the boundary of the irreducible part of the first
Brillouin zone of the square lattice. Without ohmic losses
and for real o, we have a real, negative dielectric constant
g(w) in the frequency range in which surface-plasmon can
exist, in other words when 0< @< ®,. In this region Bo(m) is
purely real for wave vectors with k,*+ k,>> (o/c)?, and p™
is purely real for all wave vectors K within the irreducible
element of the first Brillouin zone. These modes define
Bloch-type surface-plasmon polaritons that are true
eigenmodes of the system. They occur within the non-
radiative region of the (o, kj) space.

In order to solve numerically the dispersion relation
from eq. (5) we had to truncate the infinite summations by
restricting the number of reciprocal-lattice vectors G™ =
m; by + m, b, to those satisfying m;*+m,’< Ny.. The
calculation was done with N,,,=12 or equivalently 441
reciprocal lattice vectors, which leads to (882 x 882)
matrix (the number is doubled due to the two polarizations
modes).

The solution of dispersion relation is based on the
search for real zeros of a real-valued determinant. For a
fixed Kk, we sampled the interval (0, o,) for sign changes
of the determinant, and classified the frequencies at which
these occurred in the order of increased magnitude. This
collection constitutes the different branches of the
dispersion curve.

The convergence was achieved when the relative
deviation o between two dispersion relations was smaller
than 1%:

5= 1 Z Z’ma(k”)'mb(ku)" ®)

NNy pranches k|| | o, (k||) |

where ,(k) and ou(k) are calculated for Ny,
respectively N.x+1 and n, is the number of branches and
ny is the number of wave vectors.

The density of states is defined as a sum over all wave
vectors in the first Brillouin zone and the sum over the real
parts of the different frequency branches.

> D de-Realk)), 9)

branches k||

o(®) =

The electric field is non-zero only along dispersion
curves and is computed using eq. (3) in terms of the
coefficients A™ and A, ™. These coefficients are
calculated from the system of homogenous equations (5).
Due to the fact that the determinant of the (882 x 882)
matrix eq. (5) is null along dispersion curves and its rank
is 880 there exist a certain freedom in choosing the
solutions. The two-dimensional reduced Rayleigh
equations are obtained from Maxwell equations at metal-
vacuum interface [18] and we know that the solutions of
Maxwell equations are not unique, but are defined up to a
term characterizing gauge freedom. In two dimensions we
must impose exactly 2 conditions to fix this gauge
freedom. For the two-dimensional reduced Rayleigh
equations we can do this by fixing the two coefficients

A™=1 and A,"™”=1 (where m0=(m;,m,)=(0,0) ), express
all the other coefficients in terms of these two and obtain
the electric field. Of course we can fix other transformati
and the electric field obtained will be related with the
previous one by a two-dimensional gauge transformation.
The convergence for the z-component of electric field
was achieved when the relative deviation 3, for a given
point k; on two dispersion relations was smaller than 1%:

p;b

AL (k)|

A (k)-AN (k
p.a |( H) ( ||)|, (10)

1 «
8p:n_%:

where A,, ™ and A,;, ™ are calculated for N,
respectively Ny t1l and n, = 441 is the number of
coefficients A,"™. (The z-component of electric field
depends only of the coefficients Ap(m)).

4. Results

In order to define the band gap in the photonic
spectrum of non-radiative modes for surface plasmon-
polariton propagating across the square lattice of hemi-
ellipsoids we calculated the dispersion relations along the
boundary of the irreducible part of the first Brillouin zone.
To confirm that the frequencies within the occurring gap
are truly inhibited for any wave vector we plot the density
of states as given by eq. (9).
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Fig. 2. Dispersion curves and density of states for square

lattice. Left: Non-radiative modes of the first four lowest

frequency branches are plotted as functions of Ky in the

irreducible part of the first Brillouin zone (plotted in the

inset). Right: Density of states as a function of w/w,in
arbitrary units.

In Fig. 2 the non-radiative modes of the first four
lowest frequency branches are plotted as functions of k;
and the density of states as a function of w/w,. The third
and fourth branch have nearly the same values.

The inset in the figure displays the first Brillouin zone
with its irreducible part and the high-symmetry points
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I'=(0,0), X= n/a (1,0) and M= w/a (1,1). The parameters
used in obtaining this plot are: a=147 nm, R=70 nm,
H=0.4. The height of hemi-ellipsoids H was chosen to its
maximal possible value for which calculations still
converge in order to get the maximum interaction of the
SPP and the surface. The calculation was done with N,
=12 or equivalently 441 reciprocal lattice vectors, which
leads to (882 x 882) matrix.

The dotted line represents the light line o = ¢ k; and
the dashed line represents the surface plasmon frequency

0=,/ \/E . We have two band gaps for the non-radiative
modes: the first is a narrow gap between o= 0.391w,=
1.478 eV and m, =0.403 w,= 1.523 eV; the second is a
large gap between w;= 0.408w,= 1.542 eV and w4 =0.493
o,= 1.863 eV. It is within this frequency range that the
density of states vanishes.

We represent six special points that are located on the
first branch on line 'M: M, =x/a (1,1), M, =n/a (1/2,1/2)
M; = w/a (1/4,1/4) and on line I'X: X; = w/a (1,0), X, =
w/a (1/2,0). The points M; and X, are different from the
points M and X because the frequency is restricted: ® (M)
= 0.386w, and o (X;) = 0.391w,. This is also true for the
other special points. We are interested in the behavior of
electric field (at mid-distance between hemi-ellipsoids) in
these special points when we change the distance between
the hemi-ellipsoids. In Fig. 3 and Fig. 4 we plot the
electric field for the points M;, M,, M3, respectively the
points X;, X,. In Fig. 5 and 6 we choose only the point M,
and look at the electric field at two fixed distances
between the hemi-ellipsoids d=7 nm and respectively
d=45 nm.

In Fig. 3 is plotted the z-component of the normalized
electric field E, /E, at mid-distance between hemi-
ellipsoids as a function of the distance d between the
margins of hemi-ellipsoids (d = a — 2R). E,j is the electric
field at distance d=160 nm between the margins of hemi-
ellipsoids. Black line, red line and blue line corresponds to
M, point, M, point, and respectively M; point (see Fig. 2).
The parameters are: R=70 nm, H=0.4 and N,,,=12. We
observe that the electric field has an oscillatory behavior
with peaks of decreasing heights (when we increase the
distance between hemi-ellipsoids). The electric field also
decrease when we decrease the impulse of SPP, in other
words when we pass from the curve M; to M, and from
M, to M;. For all three curves the highest peak of
normalized electric field is at the distance of d=7 nm. Two
special points A and B on the curve corresponding to M,
point indicate two  distances d=7nm and d=45 nm when
the normalized electric field is 17.02, and respectively
2.43. These points appear also in the center of Fig. 4 and
Fig. 5 indicating the normalized electric field at mid-
distance between hemi-ellipsoids.

E/E
2 2

T T T T
0 20 40 60 80 100 120 140 160
d (nm)

Fig. 3. Normalized electric field at mid-distance between
hemi-ellipsoids as a function of the distance d between
the margins of hemi-ellipsoids in Brillouin point M.

In Fig. 4 is plotted the z-component of the normalized
electric field E, /E, at mid-distance between hemi-
ellipsoids as a function of the distance d between the
margins of hemi-ellipsoids. E, is the electric field at
distance d=160 nm between the margins of hemi-
ellipsoids. Black line and red line corresponds to X; point
and respectively X, point (see Fig. 2). The parameters are:
R=70 nm, H=0.4 and N,,,,=12.
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Fig. 4. Normalized electric field at mid-distance between
hemi-ellipsoids as a function of the distance d between
the margins of hemi-ellipsoids in Brillouin point X.

When we compare Fig. 4 with Fig. 3 we observe the
same oscillatory behavior of the electric field with peaks
of decreasing heights (when we increase the distance
between hemi-ellipsoids) and also the decreasing of the
electric field when we decrease the impulse of SPP (when
we pass from the curve X; to X, ). The form of curves for
the electric field also depends on the state of polarization
as can be seen by comparing Fig. 4 with Fig. 3.

In Fig. 5 is plotted a section through the normalized
electric field E, /E,, as function of the distance x. The
centers of hemi-ellipsoids are at x = 0 nm and x = 147 nm.
The distance between the margins of hemi-ellipsoids is d =
7 nm (the gap between hemi-ellipsoids begins at x=70 nm



706 E. Vinteler, S. Astilean

and ends at x= 77 nm). We observe that the electric field
in point A has the highest value of 17.02 at the mid-
distance between hemi-ellipsoids (x = 73.5 nm). The
parameters are: a=147 nm, R=70 nm, H=0.4 and

N ax=12.
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Fig. 5. Normalized electric field at d=7 nm as a function
of the distance x from the center of hemi-ellipsoid.

In Fig. 6 is plotted a section through the normalized
electric field E, /E,y as function of the distance x. The
centers of hemi-ellipsoids are at x = 0 nm and x = 185 nm.
The distance between the margins of hemi-ellipsoids is d =
45 nm (the gap between hemi-ellipsoids begins at x=70
nm and ends at x= 115 nm). We observe that the electric
field has the highest value of 3.86 near the margins of
hemi-ellipsoids at x= 74.9 and x=113.1 nm. The electric
field in point B has a value of only 2.43 at the mid-
distance between hemi-ellipsoids (x = 92.5 nm). The
parameters are: a=185 nm, R=70 nm, H=0.4 and
N max =12.

4.0 A
3.5 4
3.0+
2.5 4
2.04
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1.0

0.5 4

0.0 T T T T T T T T T
0 20 40 60 80 100 120 140 160 180

x (nm)

Fig. 6. Normalized electric field at d=45 nm as a function
of the distance x from the center of hemi-ellipsoid.

5. Conclusions

The plots of normalized electric field for two high-
symmetry points X and M of the first Brillouin zone (Fig.
3,4) show an oscillatory character. Periodic oscillations
can be noticed at specific frequencies in the points M;, M,
and X; , X, just under the first band gap. The periodic
behavior is evidence of a mutual exchange of energy
between two or more beams inside the crystals. This effect
is a well known phenomenon, extensively studied for X-
ray or neutron diffraction in ordinary crystals. The same
phenomenon has been recently studied in two-dimensional
photonic crystals [21] and three-dimensional opal photonic
crystals [22] as an effect related to negative refraction. Fig.
1 and 2 show the excitation of a single SPP mode with a
small imaginary part leading to a damping of the
oscillations that increases when we depart from the
frequency of the first band gap (when we pass from M,
M, to M; and from X, to X,) .

For small distance between the margins hemi-
ellipsoids Fig. 5 shows a normal, expected behavior of
electric field with the highest value at the mid-distance
between hemi-ellipsoids. But for big distance between the
margins hemi-ellipsoids Fig. 6 shows that the region of
highest value of electric field is just near the margins
where the slope of surface is highest. The determination of
regions of highest value of electric field is important for
SERS and can be verified experimentally through the
enhancement of Raman signals of molecules adsorbed on
metallic surfaces, in particular on noble metal films
deposited over colloidal crystals [23-25].
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