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Application of higher-order variational method to an 
optical rib waveguide  
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We have obtained closer results to the exact value of the normalized propagation constant for the fundamental mode of the 
optical rib waveguide by using the second-order variational method. The lateral and depth confinements of the light in the 
guiding layer can be optimized by the variation of the height and the refractive index of the rib. 
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1. Introduction  
 
The higher-order variational method has been used to 

determine the propagation constant in a planar optical 
graded-index waveguide [1-2]. 

In this paper we use the second-order variational 
method to improve the accuracy of the propagation 
constants for an optical rib waveguide where an exact 
analytical solution is not possible. 

 
 
2. Application to an optical rib waveguide 
 
The scalar wave equation  
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for a rib waveguide which is shown in Fig. 1, is solved 
with a function [3-4] 
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to determine the propagation constant β  for the 
fundamental mode TE0 from the relation 
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where X and Y are functions of the same even parity, 
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)),(exp()cos( 331 bxbkX += γ ),cos( 32 xkX =  

)),(exp()cos( 333 bxbkX +−= γ       (6) 
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In the second-order variational method, the value of 
the propagation constant β for TE0 mode is calculated 
from the equation (Eq. 27 from  Ref. 6),  
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where 
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The integrals in equations (15-20) with the chosen 

trial functions are evaluated analytically to reduce the 
amount of numerical computation. 

3. Numerical results and conclusions  

 

We consider an optical rib waveguide (Fig.1) for 
which analytically solutions are not possible. Fig. 1 shows 
the contour plot of the field profile in an optical rib 
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waveguide where a guiding layer with the width d and a 
higher refractive index n1 is embedded between a substrate 
with the refractive index n3, a rib with the width 2b, the 
height h and the refractive index n2 and the cover medium 
(air). The normalized propagation constants P0 (for the 
fundamental mode TE0) are calculated by using our first 
variational method (FVM), the scalar variational method 
(VP [3]), our second order variational method with (SVM) 
and without (SVMr) restrictions (10), our finite element 
method (FEM) and the scalar finite element method (SFE) 
from the reference [5]. In the first-order variational 
method, the numerical result for the normalized 
propagation constant is the same in the case with the 
restriction (10) or without this restriction to six decimal 
digits (the stationary property is satisfied in both cases 
with the same optimized variational parameters k3

o, k1
o and 

γ1
o). Fig. 2 shows the propagation constantβ, for the 

fundamental mode TE0 in an optical rib waveguide by 
using the second order variational method without (SVMr) 
restrictions (10), as a function of the variational 
parameters k3, k33, k1, k11, γ1, γ11, γ3 and γ33. For n2 = n1 we 
obtain a larger number of modes and the maximum for the 
fundamental mode is localized in the middle of the rib and 
not in the guiding layer. 

 
 

 
 
 

Fig. 1. The contour plot of the field profile in an optical 
rib waveguide where a guiding layer with the width d 
and a higher refractive index n1 is embedded between a 
substrate with the refractive index n3, a rib with the 
width 2b, the height h and the refractive index n2 and the 
cover medium (air) with n0 = 1. The normalized 
propagation constants P0 (for the fundamental mode TE0) 
are calculated by using our first variational method 
(FVM), the scalar variational method (VP[3]), our 
second order variational method with (SVM) and without 
(SVMr) the restrictions (10), our finite element method  
(FEM)  and  the  scalar  finite  element  method  
                   (SFE) from the reference [5]. 

 
For another optical rib waveguide with the same 

parameters as in Fig. 1 but with a larger value of the rib 

width (2b = 4μm) we obtain P0 = 0.151309 in the first-
order variational method with or without the restriction 
(10), P0 = 0.152453 in the second-order variational 
method without the restriction (10) and the exact value P0 
= 0.153200 calculated with our finite element method (the 
stationary property is satisfied in the second-order 
variational method without the restriction (10)). The trial 
function for TE mode of a horizontal slab waveguide 
requires as the electric field Ex and ∂ Ex /∂ y to be 
continuous across the planes y = 0 and y = d. A vertical 
slab waveguide cannot be specified due to the geometrical 
shape of our rib waveguide (infinite length of the guiding 
and substrate layers). Thus we can to explain the better 
results in the absence of the relations (10) in the second 
order variational method but with two new variational 
parameters. 

 

 
 

Fig. 2. The propagation constant β  as a function of the 
variational parameters k3, k33, k1, k11, γ1, γ11, γ3 and γ33. 
k3

o = 4.556959, k33
o = 1.192147, k1

o = 5.490454, k11
o = 

4.317781, γ1
o = 1.986019, γ11

o = 2.002621, γ3
o = 

1.864860 and γ33
o = 8.546101 are the optimized 

variational parameters for the fundamental mode TE0 in 
an optical rib waveguide (Fig.1) obtained with the 
second order variational method and without (SVMr) the  
                          restrictions (10). 
 
 
 Fig. 3 shows the contour plot of the field profile for 

TE0 ((a), (b)) and TE1((c), (d)) modes in two optical rib 
waveguides with the parameters (b = 1.5μm, d = 0.6μm,   
h = 0.4μm, n1 = n2 = 3.44, n3 = 3.40,  n0 = 1, λ = 1.15μm, 
P0 = 0.341318,  P1 = 0.110361, (a), (c)) and (b= 1.5μm, d 
= 0.6μm, h = 0.4μm, n1 = 3.44, n2 = 3.40,     n3 = 3.40, n0 = 
1, λ = 1.15μm, P0 = 0.238683, P1 = 0.044141, (b),(d)). 
From Fig. 1 and Fig. 3, we can see how the variation of 
the height and the refractive index of the rib can be used to 
control the lateral and depth confinements in waveguide 
lasers with semiconductors. Thus, for a large value of n2, 
the maximum of the field distributions for TE0 and TE1 
modes is displaced towards the rib (P0 and P1 are large) 
and for a small n2 this maximum is displaced towards the 
substrate (P0 and P1 are small). 
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Fig. 3. The contour plot of the field profile for TE0 ((a), 
(b)) and TE1((c), (d))  modes in two optical rib 
waveguides with the parameters (b = 1.5μm, d = 0.6μm, 
h = 0.4μm, n1 = n2 = 3.44, n3 = 3.40, n0 = 1,                           
λ = 1.15μm,  P0 = 0.341318, P1 = 0.110361, (a), (c)) and 
(b= 1.5μm, d = 0.6μm, h = 0.4μm, n1 = 3.44,                 
n2   =  3.40,  n3   =    3.40,    n0  =   1,    λ   =   1.15   μm,                    
           P0  =  0.238683,  P1 = 0.0441407, (b),(d)). 
 

4. Conclusions 
 
We have obtained closer results to the exact value of 

the normalized propagation constant for the TE0 mode of 
an optical rib waveguide by using only the second-order 
variational method. The lateral and depth confinements of 
the light in the guiding layer can be optimized by the 
variation of the height and the refractive index of the rib. 
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