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We propose a multilayer unit cell with a mixture of metal and dielectric materials to configurate the encoding metamaterials. 

The higher transmittance with more than 0.9 and the phase change from 0° to 360° are critically designed for unit cells 

corresponding to different encoded particles. Here, the parallel encoding method and the checkerboard encoding method 

are adopted to construct the encoding metamaterials by using corresponding encoded particles. The scattering energy for 

co-polarization transmitted electromagnetic wave can be flexibly manipulated by using the designed encoding 

metamaterials. The far field scattering of transmitted wave is numerically simulated by using finite integral method. 

According to the generalized Snell's law, it is found that the calculated theoretical deflection angles agree well with that of 

numerical simulation.  
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1. Introduction 

 

Electromagnetic metamaterials have received 

extensive attention due to their unique electromagnetic 

properties, and have become the frontier interdisciplinary 

subject in the fields of physics, chemistry, materials and 

information [1-20]. The study of metamaterials mainly 

focused on periodic or aperiodic structures of 

sub-wavelength dimensions, which can be characterized 

by uniform macroscopic media parameters. By designing 

a specific metamaterial, free control of equivalent 

parameters can be realized, thereby achieving the 

function of freely regulating electromagnetic waves and 

obtaining abnormal physical characteristics and 

phenomena [21-25]. For example, current metamaterials 

can be used in areas, such as negative refraction, perfect 

lenses, zero-refractive materials, tunneling effects, stealth 

cloaks, and transformation optics [26-32]. However, 

research and analysis of metamaterials typically employ 

macroscopically continuous, uniform or non-uniform 

equivalent structural parameters, to manipulation of 

electromagnetic wave.  

Recently, Giovampaola and Engheta et al. proposed 

a method for constructing "metamaterial bytes" by 

spatially mixing "digital metamaterial bits" [33]. At the 

same time, Cui et al. proposed the concepts of “encoding 

metamaterials”, “digital metamaterials” and 

“programmable metamaterials” [34]. Programmable 

metamaterials mean that metamaterials can achieve 

different functions through digital control, thus realizing 

digital regulation and real-time regulation of 

electromagnetic waves. In the past few years, the 

encoding metamaterials have experienced rapid 

development. Specially, Zhang et al. proposed a digital 

metasurface platform that can be programmed optically 

to implement electromagnetic functions [35]. Also, 
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Zhang et al. proposed a polarization-controlled 

dual-programmable metasurface  with modular control 

circuits, which enabled a dibit encoding capability in 

modifying the phase profiles [36]. 

Different metal patterns, different applicable 

working bands, and different materials for the encoding 

metamaterials are constantly proposed and designed 

[37-41]. However, due to the simplicity of phase control 

of metamaterials in reflective mode, most of the current 

research on coded metamaterials focuses on the 

reflection mode. It is known that the encoding 

metamaterials in the transmission mode are developed 

slowly.  Recently, in order to solve the problem of 

single function of the encoding metamaterials, Liu et al. 

proposed a transmissive-reflective dual-function coded 

metamaterial [42]. However, these coded metamaterials 

in transmission mode mainly focused on the 

manipulation of electromagnetic wave with cross 

polarization.  

Based on the application of co-polarization 

transmission mode encoding metamaterials, we propose a 

multi-layer encoding metamaterial in microwave 

frequency. By using finite integral method, the 

transmission coefficient and phase change of encoding 

unit structure can be numerically calculated and 

optimized. The phase control of 0°~360°  with 

co-polarization of transmission electromagnetic wave can 

be obtained. These unit cells of encoding particles can be 

reasonably encoded to construct encoding metamaterial 

to manipulate beam of transmissive wave. 

 

 

2. Generalized Snell's law for coding  

   metamaterials 

 

Generally, when a beam of light is incident on an 

interface from one medium to another, the reflection or 

refraction occurs. The incident, reflected, and refracted 

rays are in the same plane. As shown in Fig. 1(a), the 

refractive indices of the media on both sides of the 

interface are 𝑛1  and 𝑛2 , respectively. The angle 

between the incident ray and the normal direction is 𝜃𝑖, 

and the angle between the refracted ray and the normal 

direction is 𝜃𝑡. The incident ray and the refracted ray 

satisfy the following relationship as 

 

               𝑛1𝑠𝑖𝑛𝜃𝑖 = 𝑛2𝑠𝑖𝑛𝜃𝑡              (1) 

 

However, when the interface between the two media 

is a super interface, abnormal refraction or reflection 

phenomenon different from conventional optics will 

occur. This is due to the abrupt phase change when the 

light passes through the metasurface. Therefore, the 

traditional Snell's law will no longer be applicable on this 

super interface. According to Fermat's theorem and 

Maxwell's equations, the applicable generalized law of 

reflection and refraction can be derived.  

 

 

(a) 

 

 

(b) 

 

Fig. 1. (a)Schematic diagram for general transmissive 

beam at interface, (b) Refraction with phase difference 

on the interface 

 

According to the Fermat principle, the total phase of 

the light wave in the actual optical path should take the 

extreme value. A phase sudden change of Φ(𝑟𝑠)  is 

introduced on the interface, and Φ(𝑟𝑠) is a function of 

𝑟𝑠, where 𝑟𝑠 is the coordinate on the interface. As shown 
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in Fig. 1(b), when a beam of light is incident on the 

interface between the media at an angle 𝜃𝑖, the angle of 

refraction is 𝜃𝑡. Assuming that there are two paths from 

point A to point D as ABD and ACD, the phase 

difference between them is zero when they are infinitely 

close to the actual optical path. Then, we can obtain 

 

(𝑘0𝑛1𝑠𝑖𝑛𝜃𝑖𝑑𝑥 + Φ + dΦ) − (𝑘0𝑛2𝑠𝑖𝑛𝜃𝑡𝑑𝑥 + Φ) = 0  

(2)        

 

where dx represents the distance between two points on 

the x-axis of the interface, Φ and Φ+dΦ represent 

respectively the phase change of the interface at two 

points. 𝑛1 and 𝑛2 represent the refractive index of the 

medium on both sides of the interface. 𝑘0 represents the 

wave number in vacuum. In Eq.(2), the propagation path 

of light can be determined by the refractive index on both 

sides of the interface and the angle of incidence of the 

light. According to Eq.(2) with the phase change along 

the interface to be constant, it is obtained for transmissive 

modal of incident wave as 

 

           𝑛2𝑠𝑖𝑛𝜃𝑡 − 𝑛1𝑠𝑖𝑛𝜃𝑖 =
𝜆0

2𝜋

𝑑Φ

𝑑𝑥
           (3) 

 

where   𝜆0 represents the wavelength in vacuum, and 

Eq.(3) shows the generalized law of refraction. If the 

refraction angle 𝜃𝑡 in Eq.(2) is replaced by the reflection 

angle 𝜃𝑟 ,  the generalized law of reflection can be 

similarly derived as 

                 𝑛1𝑠𝑖𝑛𝜃𝑟 − 𝑛1𝑠𝑖𝑛𝜃𝑖 =
𝜆0

2𝜋

𝑑Φ

𝑑𝑥
            (4) 

 

3. Unit cell of encoding metamaterials 

 

Firstly, in order to construct an encoding 

metamaterials with co-polarization transmission, the unit 

cells of metamaterials should be designed. Here, we 

propose a unit cell with multilayer microstructure to 

realize co-polarization transmission with the phase 

change from 0° to 360°. As shown in Fig. 2, the unit 

structure is composed of five copper layers (C1, C2, C3, 

C4, C5) and four dielectric layers (M). In order to clearly 

demonstrate the configuration of unit cell, the schematic 

diagram of unit cell in Fig.2 is enlarged between layers. 

In our design and calculation, the multilayer structure is 

appressed. The thickness of the five copper layers is 

0.018 mm. For the layers of C1, C2, C4 and C5, the 

length in x direction is zx, the overhang length in x 

direction is x, and the length of metal is zy in y direction. 

The copper layer C2 is the same as C4, and has a length 

p1 in the y direction. The lengths of the copper layers C1 

and C5 in the y direction are y1 and y2, respectively. The 

copper layer C3 has a slotted square with a side length of 

p. The slot shows the length of l and the width of w. The 

four dielectric plates (M) with the dielectric constant (𝜀𝑟= 

2.65) are identical with the side length of p and the 

thickness of h.  

 

 
 

Fig. 2. Schematic diagram of unit cell for encoding 

metamaterials (color online) 

 

In Fig. 2 for unit cell of encoding metamaterials, it 

can be found that the unit structure shows asymmetry 

characteristic, so that it can control different polarization 

mode of incident light. When the incident light is 

incident on unit cell under x-polarization, the value of zx 

can be changed to change the transmittance and the 

transmission phase; When the incident light is incident 

under the y-polarization, the values of y1 and y2 can be 

changed to change the transmittance and the transmission 

phase. However, the above unit structure has a total of 

nine layers. In order to avoid too much light attenuation 

when incident light is incident through the unit structure, 

the copper layer C3 is designed as a slotted structure, 

providing an aperture coupling for efficient passage of 

incident light. 

In the process of unit cell optimization, it is 

necessary to change the length zx of the metal piece when 

the x-polarized wave is incident. As shown in Fig. 2, the 
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length of zx needs to be smaller than the side length p of 

the medium, but the length of zx needs to be larger than 

the edge length x of the metal piece. At the targeted 

frequency band, the effective length is determined using 

a dichotomy between intervals [x, p]. Similarly, the 

transmission characteristics can be controlled by the 

length of y1 and y2 when a y-polarized electromagnetic 

wave is incident. After optimization, the "0" code 

represents 0°  of transmission phase and the "1" code 

represents 180° of transmission phase when the incident 

wave is x- or y-polarized at 15GHz. The corresponding 

geometric parameters for unit cells of "0" code and "1" 

code are demonstrated in Table 1. 

 

 

 

Table 1. Geometric parameters for unit cells of code "0" 

and code "1" 

 

parameters（mm） “0” “1” 

p 

p1 

8 

8 

8 

8 

zx 4.3 5.74 

zy 3 3 

x 2 2 

y1 6.7 6.7 

y2 6.7 6.7 

h 1 1 

w 1.2 1.2 

l 5 5 

 

 

Fig. 3. (a) Transmittance (co-polarization and cross polarization) and (b) phase change (co-polarization and cross 

polarization) for the unit cells of code "0" and code "1" with different geometric parameters when the y-polarized wave is 

incident; (c) Transmittance (co-polarization and cross polarization) and (d) phase change (co-polarization and cross 

polarization) for the unit cells of code "0" and code "1" with different geometric parameters when the x-polarized wave is                           

incident (color online) 
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According to the geometric parameters in Table 1, 

the transmission and phase change are calculated for the 

periodic structure of the unit cells when the x- or 

y-polarized wave is incident. Fig. 3 shows the 

transmittance and phase change of the co-polarization 

and cross polarization. It can be seen in Fig. 3(a) that the 

transmittance for both co-polarization and cross 

polarization is almost zero when a y-polarized wave is 

incident. The corresponding phase change of transmitted 

wave is demonstrated in Fig. 3(b). When the x-polarized 

wave is incident, the transmittance higher more than 0.9 

for the co-polarization is revealed from 14GHz to 

15.3GHz when the geometric parameter of zx is 5.74 mm 

or 4.3 mm. In Fig. 3(d), it can be seen that the phase 

difference of the transmitted light between unit cells with 

different zx is almost 180° at 15GHz. The detailed value 

for phase difference is demonstrated in Table 2. However, 

for the cross polarization in Fig. 3(c), the transmittance 

of the transmitted light is almost zero for both unit cells. 

Thus, we will construct a encoding metamaterial with 

these two unit cells to research its co-polarization 

transmitted beam manipulation when the x-polarized 

wave is incident.  

 

Table 2. Phase and phase difference between two unit cells 

 

Frequency

（GHZ） 

φ 

（𝑧𝑥

= 4.3mm） 

φ 

（𝑧𝑥

= 5.74mm） 

∆φ 

15.114 -35.9 -221.8 185.8 

15.126 -37.8 -222.5 184.6 

15.138 -39.7 -223.1 183.4 

15.15 -41.6 -223.8 182.1 

15.162 -43.6 -224.5 180.8 

15.17 -44.9 -224.8 179.9 

15.174 -45.6 -225.1 179.5 

15.186 -47.6 -225.8 178.1 

15.198 -49.7 -226.4 176.7 

15.21 -51.9 -227.1 175.2 

 

 

 

 

4. Multilayer transmission type coding  

  metamaterials  

 

According to the design of unit cells with code "0" 

and code "1" above, we will construct encoding 

metamaterials by using different encoding methods to 

manipulate the transmitted beam. Figure 4(a) shows a 

parallel distributed code method in the form of 

"010101.../010101..." for 1 bit binary encoding. Figure 

4(b) shows a checkerboard distributed code method in 

the form of "010101.../101010...".  

 

Fig. 4. 1-bit parallel distributed coding and checkerboard 

distributed coding 

 

In Fig. 4, the black portion represents code "0" in the 

binary code, and the white portion represents code "1" in 

the binary code. In order to more accurately control the 

beam of transmitted wave, a large number of digital 

elements should be constructed in encoding 

metamaterials. Each element of encoding metamaterial 

consists of "2 x 2" unit cells with code "0" or code "1". A 

whole encoding metamaterial consist of "5 x 5" elements. 

After the unit structure design is completed, the cell 

structure with zx equal to 4.3 mm is selected as code "0" 

in the binary code, and the cell structure with zx equal to 

5.74 mm is taken as "1" in the binary code. We fix the 

incident frequency at 15.17GHz. The phase difference of 

the transmitted light corresponding to the two code 

particles is 179.9°. 

 

4.1. Parallel encoding metamaterials 

 

According to the parallel encoding method in Fig. 

4(a), we construct a whole encoding metamaterial 

consisting of "5 x 5" elements. Each element of encoding 

metamaterial consists of "2 x 2" unit cells with code "0" 
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and code "1". When the x-polarized wave at 15.17 GHz 

is normally incident on the encoding metamaterial, the 

three-dimensional far field distribution of co-polarization 

transmitted wave is demonstrated in Fig. 5. 

 

 

 

Fig. 5. 1bit parallel distributed coding 3D far  

field distribution (color online) 

 

The transmitted beam is mainly divided into two 

beams surrounded by many side lobes, and the scattering 

direction is mainly concentrated in the x direction. 

According to Eq. (3), the angle of refraction can be 

calculated by using the generalized Snell's law as 

 

𝜃 = 𝑠𝑖𝑛−1 𝜆
Γ⁄  ,                   (5) 

 

where λ represents the wavelength of the incident light, 

and Γ represents the coding period. On basis of the 

incident frequency of 15.17 GHz and the encoding period 

of 32 mm, the refractive angle can be calculated as 

38.17°, which is consistent with the numerical simulation 

of 141.83°  in Fig.5. We built a spherical coordinate 

system for three far field distribution of transmitted beam 

as shown in Fig.6. The direction of the refracted ray and 

radiant energy can be accurately defined. In Fig.6, OM⃗⃗⃗⃗ ⃗⃗   

denotes the refracted ray with the radiation distance of 

1m. The angle between OM⃗⃗⃗⃗ ⃗⃗   and the positive direction of 

the z-axis is θ, the angle between OM⃗⃗⃗⃗ ⃗⃗   and the positive 

direction of the x-axis is φ. In Fig.5, the refracted beam is 

almost in the yoz plane, and it is defined as φ = 90°. 

Figure 7 shows the scattering energy distribution at the 

yoz plane at the radiant distance of 1m for 1-bit parallel 

encoding metamaterial, corresponding to that of Fig.5. 

Moreover, the different encoding sequences can be 

constructed to obtain different scattering angles for this 

1-bit encoding model. Figure 8 shows 3D scattering 

patterns with different scattering angles for the encoding 

sequences S(000111000111…) and 

S(0000111100001111…). 

 

 

Fig. 6. Spherical coordinate system 

 

 

Fig. 7. Scattering energy distribution for 1bit parallel 

 encoding metamaterial (color online) 

 

Fig. 8. 3D scattering patterns with different scattering 

angles for the encoding sequences (a) 

S(000111000111…) and (b) S(0000111100001111…) 

(color online) 



Beam manipulation of transmission co-polarization wave based on multilayer encoding metamaterials          467 

 

4.2. Checkerboard encoding metamaterials 

 

 

Fig. 9. 3D far field distribution of scattering energy for 1bit 

checkerboard encoding metamaterial (color online) 

 

According to the checkerboard encoding method as 

shown in Fig.4(b), we construct a encoding metamaterial. 

A whole encoding metamaterial consists of "5 x 5" 

elements. Each element of encoding metamaterial 

consists of "2 x 2" unit cells with code "0" or code "1". 

The far field distribution of scattering energy is shown in 

Fig.9. The transmitted beam is mainly divided into four 

symmetrical beams, and there are a few side lobes 

between the four beams. Compared to the parallel 

encoding distribution, the scattering energy of the 

refracted beams formed by the checkerboard encoding 

metamaterial is more uniform. According to the spherical 

coordinate system as shown in Fig. 6, two-dimensional 

scattering energy distribution is shown in Fig.10 at φ=45°. 

Also, the theoretical calculation of scattering angle 

according to Eq.(3) agrees well with that of numerical 

simulation. Additionally, the different encoding 

sequences for the  checkerboard encoding can be 

constructed to obtain different scattering angles. Figure 

11 shows 3D scattering patterns with different scattering 

angles for the encoding sequences S(000111…/111000…) 

and S(00001111…/11110000…). 

 

Fig. 10. Scattering energy distribution for 1bit 

checkerboard encoding metamaterial at φ=45° (color 

online) 

 

Fig. 11. 3D far field distribution of scattering energy 

for  checkerboard encoding metamaterials. (a) 

S(000111…/111000…), (b) S(00001111…/11110000…) 

(color online) 

 

4.2.1. Bit encoding metamaterials 

 

In the above section, we analyzed the beam 

manipulation of 1bit encoding metamaterials with code 

“0” and code “1”. Next, we will show the beam control 

of 2bit encoding metamaterials. For 2bit encoding 

method, four different unit cell of metamaterials should 

be designed with the transmitted phase difference of 90°. 

They are respectively named as codes "00", "01", "10", 

and "11". After optimization, the geometrical parameters 

of unit cells corresponding to codes "00", "01", "10", and 

"11" are designed as shown in Table 3 according to the 

unit cell in Fig. 2.   
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Table 3. Codes "00", "01", "10", "11" structure parameters 

 

Parameters “00” “01” “10” “11” 

p 8 8 8 8 

zx 2.2 4.3 5.35 5.74 

zy 3 3 3 3 

x 2 2 2 2 

y1 6.7 6.7 6.7 6.7 

y2 6.7 6.7 6.7 6.7 

h 1 1 1 1 

w 1.2 1.2 1.2 1.2 

l 5 5 5 5 

 

 

Based on the geometrical parameters in Table 3 for 

different unit cells corresponding to codes "00", "01", 

"10", and "11", we calculated respectively the 

transmittance and phase change of the periodic structure 

of four unit cells as a function of the incident frequency 

as shown in Fig.12. It can be found that the transmittance 

for co-polarization incident wave for four different unit 

cells is higher than 0.9 from 14GHz to 15.3GHz. The 

x-polarized wave is incident on the periodic structure of 

unit cells. When the incident frequency is larger than 

15.3GHz, the transmittance corresponding to the unit 

structure of code "11" is abruptly decreased. In Fig.12(b), 

there is a phase difference of 90° between four unit cells 

at 15.17GHz.  

 

 

Fig. 12. (a) Transmittance and (b) phase change for co-polarization transmitted wave for four different unit cells (color online) 

 

According to the parallel encoding method in 

Fig.4(a), we construct a whole encoding metamaterial 

consisting of "5 x 5" elements. Each element of encoding 

metamaterial consists of "2 x 2" unit cells with codes 

"00", "01", "10", and "11". When the x-polarized wave at 

15.17 GHz is normally incident on the encoding 

metamaterial, the three-dimensional far field distribution 

of co-polarization transmitted wave is demonstrated in 

Fig. 13. 

 

 

Fig. 13. 2bit parallel distributed coding 3D  

far field distribution (color online) 

 

In Fig. 13, there is only one main refracted beam of 

co-polarization transmitted wave for the 2bit-coded 
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metamaterial. However, for 1bit encoding metamaterial 

with parallel encoding method, there are two main 

scattering beams. Thus, encoding metamaterials can 

effectively control the number of transmitted beam and 

scattering angle. According to Eq.(5) with the frequency 

of 15.17 GHZ and the period of 64 mm respectively, we 

can calculated the refraction angle equal to 18.0° . 

According to the spherical coordinate system as shown in 

Fig.6, two-dimensional scattering energy distribution in 

the yoz plane is shown in Fig.14, and the deflection angle 

of the refraction angle is 198° . Thus, the theoretical 

scattering angle agrees well with that of numerical 

simulation. Additionally, the different encoding 

sequences for the  2-bit encoding can be constructed to 

obtain different scattering angles. Fig. 15 shows 3D 

scattering patterns with different scattering angles for the 

encoding sequences S(00011011..) and 

S(000000010101101010111111…).   

 

 

Fig. 14. Scattering energy distribution for 2bit parallel 

 encoding metamaterial at yoz plane (color online) 

 

Fig. 15. 3D scattering patterns with different scattering angles 

for the encoding sequences (a) S(00011011..) and (b) 

S(000000010101101010111111…) (color online) 

 

5. Conclusions 

 

In summary, we propose a multilayer unit cell to 

construct encoding metamaterials. In order to realize 

co-polarization transmitted beam manipulation, we 

optimize the design of geometrical parameters of unit 

cells corresponding 1bit code and 2bit code. By using the 

finite integral method, the transmittance and the phase 

change of periodic structure of unit cell are detailedly 

calculated. According to the parallel encoding method 

and the checkerboard encoding method, the encoding 

metamaterials are constructed for 1bit encoding modal 

and 2bit encoding modal. Also, the far field distribution 

of scattering energy for the encoding metamaterials is 

numerically simulated.  
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