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The behavior of electromagnetic wave scattering from coated cylinders of different materials is analyzed. Lengths of 
cylinders are infinite and coating is taken as uniform. Topological insulator cylinder coated with chiral, nihility cylinder coated 
with topological insulator, dielectric cylinder coated with topological insulator is considered for the analysis. Boundary value 
problem approach is used. Validation of formulation is confirmed by comparing numerical results with the available 
literature. 
 
(Received August 16, 2016; accepted April 6, 2017) 

 

Keywords: Dielectric, Chiral, Nihility, Topological insulator, Cylinders 

 

 

 
1. Introduction 
  

Controlling the back scattering echo-width of 

conducting objects is an important problem in antenna and 

radar applications. Coating a conductor by one or more 

layers of dielectric material affects the back scattering 

echo-width. Extensive literature on this topic is available. 

This includes scattering properties of EM waves in 

multilayered cylinder filled with double negative and 

positive materials [1],  scattering from plasma coated 

PEMC cylinder placed in chiral metamaterial [1],  

dissipative and dispersive DNG materials, fractional dual 

interface in chiral nihility medium, chiral coated nihility 

cylinder [2], chiral cylinder placed in chiral metamaterial 

and Topological insulator [3-5]. Chiral medium is different 

from conducting and dielectric mediums as it generates 

both co- and cross- polarized scattered fields while 

interacting with electromagnetic waves. The lateral shifts 

from a slab of lossy chiral metamaterial have been 

predicted for both perpendicular and parallel components 

of the reflected fields in [6]. In chiral material the fields 

split into left circularly polarized and right circularly 

polarized waves which propagate with different phase 

velocities. The field with the latter polarization travelling 

through right handed medium is faster than the left 

circularly polarized wave and vice versa.  This property of 

chiral mediums is called handedness. Selected work in 

electromagnetic [7] chirality includes: shift at the surface 

of chiral negative refractive media, chiral nihility effects 

on energy flow in chiral materials [8]. Other multi layered 

chiral cylinders are treated by M. S. Kuleskens and E. H. 

Newman [9, 10]. Engheta and Bassiri gave the solutions 

for one and two-dimensional dyadic Greens functions in 

chiral media [11]. Lakhtakia et al. explained the field 

equations, Huygens principle, integral equations, and 

theorems for radiation and scattering of electromagnetic 

waves in isotropic chiral media [12]. Electromagnetic 

chirality and its applications have been discussed by 

Engheta and Jaggard [13]. Al-Kanhal and Arvas presented 

simple integral equation and MoM solution to the problem 

of TE and TM scattering from a lossy homogeneous chiral 

cylinder of arbitrary cross-section [14]. C. Li and Z. Shen 

discussed the scattering from metamaterial coated 

cylinders [15]. Buried simple cylinder is discussed in [16]. 

Topological insulator circular cylinder buried in semi-

infinite medium and slightly rough surface has been 

analyzed in [17-19] respectively. Besides scattering from 

simple cylinder of different materials, a lot of work has 

been done on scattering from coated cylinders with 

different materials. 

In 1959 Fedorov and Bokut improved the Born’s 

proposal of chirality and gave the following 

equation/constitutive relations [20]: 

 

𝑫 =∈ [𝑬 + 𝛽𝛁 × 𝑬]                        (1) 

 

 𝑩 = 𝜇[𝑯 + 𝛽𝛁 × 𝑯]                        (2) 

 
𝛽 in the above equation is the chirality parameter having a 

unit of length. Above relations are also known as Drude-

Born-Fedorov constitutive relations. We will use these 

relations in our analysis. 

Nihility medium introduced by Lakhtakia drew the 

attention of many researchers [21]. Nihility is a special 
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type of medium in which both relative permittivity and 

permeability are null-valued [22]. So the Maxwell 

equations reduce to 

 

𝛁 × 𝑯 = 0                                   (3) 

 

𝛁 × 𝑬 = 0                                   (4) 

 

Topological insulator is such type of material which 

behaves as an insulator in its interior but its surface 

contains conducting states. The constitutive relations of 

topological insulators in SI units are [23] 

 

𝑫 = 𝜖0𝜖𝑟𝑬 − 𝜖0𝛼
𝜃

𝜋
(𝑐0𝑩)                  (5) 

 

𝑐0𝑯 =
𝑐0𝑩


+ 𝛼

𝜃

𝜋

𝑬

𝜇0
                                (6) 

 

where 𝛼 is fine structure constant and 𝜃 is quantized and 

takes integer multiples of  𝜋 for topological non trivial 

materials otherwise zero. 𝑐0 is the speed of light in 

vacuum [24]. In the present work analytical solutions are 

derived for the scattering of an electromagnetic plane 

wave from coated circular cylinders. Both cylinder and the 

coating layer are infinite along the cylindrical axis. 

Parallel polarization is considered for analysis. The 

response for the coated geometry has been observed. The 

numerical results are compared with the published 

literature and are found in good agreement. 

 
 
2. Formulations 
 

In Fig. 1, electromagnetic plane wave is incident 

normally on a coated circular cylinder of infinite length, 

having radius “a” of cylinder and thickness “b-a” of 

coating is placed in free space. The region outside the 

coating ρ >b is a free space and its wave number is 

𝑘0 = 𝜔√𝜇0𝜖0 and permittivity and permeability 

ϵ0 and 𝜇0 mentioned as region I, the region 𝑎 < 𝜌 < 𝑏 is 

termed as region II having medium I and the region 𝜌 < 𝑎  

is termed as region III having medium II. Incident wave is 

TM polarized and electric field vector is parallel to the 

axis of cylinder. Time dependency is taken as 𝑒−𝑖𝜔𝑡 . Radii 

“a” and “b” are taken in the units of 𝜆. 

Case I: Topological Insulator Cylinder Coated with 

Chiral/chiral-nihility Material 

The geometry of problem is shown in Fig. 1, in this 

case medium I is chiral having wave numbers as 𝑘𝐿 =
𝜔√𝜇𝑐𝜖𝑐

1−𝛽𝜔√𝜇𝑐𝜖𝑐
 and 𝑘𝑅 =

𝜔√𝜇𝑐𝜖𝑐

1+𝛽𝜔√𝜇𝑐𝜖𝑐
. 𝜖𝑐, 𝜇𝑐 , 𝜉 and 𝛽 are 

permittivity, permeability, chiral admittance and chirality 

parameter (cp) respectively. Medium II is topological 

insulator having wave number 𝑘𝑇 = 𝜔√𝜇𝑇𝜖𝑇. 𝜖𝑇 and 

𝜇𝑇  are permittivity,  permeability for topological insulator 

medium respectively.Where  𝜇𝑐 = 𝜇0𝜇𝑟𝑐,       𝜖𝑐 = 𝜖0𝜖𝑟𝑐,      
with    𝜖𝑟𝑐  and  𝜇𝑟𝑐  are the relative permittivity of chiral 

medium. 

Incident fields in region I are as follows 

𝐸𝑖𝑛𝑐 =
1

𝑘0

∑ 𝑘0𝑖𝑛 𝐽𝑛(𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�

∞

𝑛=−∞

 
      (7) 

𝐵𝑖𝑛𝑐 =
1

𝑖𝜔
∑ 𝑖𝑛 (

𝑖𝑛

𝜌
𝐽𝑛(𝑘0𝜌)𝑒𝑖𝑛𝜙�̂�

∞

𝑛=−∞

− 𝑘0 𝐽𝑛
′ (𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�) 

(8) 

 

 
 

Fig. 1 Geometry of Coated Cylinder 

 

Similarly scattered fields in region I are as follows [9]. 

 

𝐸𝑠𝑐𝑎 =
−1

𝑘0

∑ 𝑖𝑛 (𝑎𝑛𝑘0 𝐻𝑛
(1)

(𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�

∞

𝑛=−∞

+ 𝑖 𝑏𝑛(
𝑖𝑛

𝜌
𝐻𝑛

(1)(𝑘0𝜌)𝑒𝑖𝑛𝜙�̂�

− 𝑘0 𝐻𝑛
′(1)

(𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�)) 
(9) 

𝐵𝑠𝑐𝑎 =
−1

𝑖𝜔
∑ 𝑖𝑛

∞

𝑛=−∞

(𝑎𝑛 (
𝑖𝑛

𝜌
𝐻𝑛

(1)(𝑘0𝜌)𝑒𝑖𝑛𝜙�̂�

− 𝑘0 𝐻𝑛
′(1)(𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�)

+ 𝑖𝑏𝑛𝑘0 𝐻𝑛
(1)

(𝑘0𝜌) 𝑒𝑖𝑛𝜙�̂�) 
(10) 

 

The fields in region II which is chiral are given as  

 

𝐸𝑧
𝑐 =

1

𝑘0

∑ 𝑖𝑛(𝑐𝑛𝑘𝐿 𝐽𝑛(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

− 𝑎𝑅𝑑𝑛𝑘𝑅 𝐽𝑛(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙

+ 𝑒𝑛𝑘𝐿 𝐻𝑛
(1)(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

− 𝑎𝑅𝑓𝑛𝑘𝑅 𝐻𝑛
(1)

(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙) (11) 

𝐵𝜙
𝑐 =

−1

𝑖𝜔
∑ 𝑖𝑛(𝑎𝐿𝑐𝑛𝑘𝐿 𝐽𝑛

′ (𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

+ 𝑑𝑛𝑘𝑅 𝐽𝑛
′ (𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙

+ 𝑎𝐿𝑒𝑛𝑘𝐿 𝐻𝑛
′(1)(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

+ 𝑓𝑛𝑘𝑅 𝐻𝑛
′(1)(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙) (12) 
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𝐵𝑧
𝑐 =

1

𝑖𝜔
∑ 𝑖𝑛(𝑎𝐿𝑐𝑛𝑘𝐿 𝐽𝑛(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

− 𝑑𝑛𝑘𝑅 𝐽𝑛(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙

+ 𝑎𝐿𝑒𝑛𝑘𝐿 𝐻𝑛
(1)

(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

− 𝑓𝑛𝑘𝑅 𝐻𝑛
(1)

(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙) (13) 

𝐸𝜙
𝑐

= −
1

𝑘0

∑ 𝑖𝑛(𝑐𝑛𝑘𝐿 𝐽𝑛
′ (𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

+ 𝑎𝑅𝑑𝑛𝑘𝑅 𝐽𝑛
′ (𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙

+ 𝑒𝑛𝑘𝐿 𝐻𝑛
′(1)(𝑘𝐿𝜌) 𝑒𝑖𝑛𝜙

+ 𝑎𝑅𝑓𝑛𝑘𝑅 𝐻𝑛
′(1)(𝑘𝑅𝜌) 𝑒𝑖𝑛𝜙) (14) 

 

Region III which is Topological insulator, the fields in 

this region are 

 

𝐸𝑇 = 𝑅𝐿 + 𝑎𝑅𝑅𝑅    (15) 

𝐻𝑇 = 𝑅𝑅 + 𝑎𝐿𝑅𝐿    (16) 

 
𝑘𝐿 and 𝑘𝑅  are in case of TI is equal to 𝑘𝑇 

 

where 𝑎𝐿 = −𝑖√
𝜖𝑟

𝜇𝑟
, 𝑎𝑅 = −𝑖√

𝜇𝑟

𝜖𝑟
, 𝑅𝐿 and 𝑅𝑅 are left and 

right circular polarized waves. 

 

𝐸𝑧
𝑇 =

1

𝑘0

∑ 𝑖𝑛(𝑔𝑛𝑘𝑇 𝐽𝑛(𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

− 𝑎𝑅ℎ𝑛𝑘𝑇 𝐽𝑛(𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙) (17) 

𝐵𝜙
𝑇 =

−1

𝑖𝜔
∑ 𝑖𝑛(𝑎𝐿𝑔𝑛𝑘𝑇 𝐽𝑛

′ (𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

+ ℎ𝑛𝑘𝑇 𝐽𝑛
′ (𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙) (18) 

𝐵𝑧
𝑇 =

1

𝑖𝜔
∑ 𝑖𝑛(𝑎𝐿𝑔𝑛𝑘𝑇 𝐽𝑛(𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

− ℎ𝑛𝑘𝑇 𝐽𝑛(𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙) (19) 

𝐸𝜙
𝑇 = −

1

𝑘0

∑ 𝑖𝑛(𝑔𝑛𝑘𝑇 𝐽𝑛
′ (𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

+ 𝑎𝑅ℎ𝑛𝑘𝑇 𝐽𝑛
′ (𝑘𝑇𝜌) 𝑒𝑖𝑛𝜙) (20) 

 

Now apply following boundary conditions at 

interfaces 

At 𝜌 = 𝑏 

 
𝐸𝑧

𝑖𝑛𝑐 + 𝐸𝑧
𝑠𝑐𝑎 = 𝐸𝑧

𝑐 (21) 

𝐻𝜙
𝑖𝑛𝑐 + 𝐻𝜙

𝑠𝑐𝑎 = 𝐻𝜙
𝑐  (22) 

𝐻𝑧
𝑠𝑐𝑎 = 𝐻𝑧

𝑐 (23) 

𝐸𝜙
𝑠𝑐𝑎 = 𝐸𝜙

𝑐  

At 𝜌 = 𝑎 

(24) 

𝐸𝑧
𝑐 = 𝐸𝑧

𝑇  (25) 
1

𝜇𝑐

𝐵𝜙
𝑐 =

1

𝜇𝑇

𝐵𝜙
𝑇 +

𝛼𝜃

𝑐0𝜋

1

𝜇0

𝐸𝜙
𝑇  

(26) 

1

𝜇𝑐

𝐵𝑍
𝑐 =

1

𝜇𝑇

𝐵𝑍
𝑇 +

𝛼𝜃

𝑐0𝜋

1

𝜇0

𝐸𝑧
𝑇  

(27) 

𝐸𝜙
𝑐 = 𝐸𝜙

𝑇  (28) 

By solving above equations unknowns can be 

obtained and used to plot echo widths as given in 

equations 

 

𝜎𝑐𝑜

𝜆0

=
2

𝜋
| ∑ 𝑎𝑛𝑒𝑖𝑛(𝜙)

∞

𝑛=−∞

|

2

 
(29) 

𝜎𝑐𝑟𝑜𝑠𝑠

𝜆0

=
4

𝜋
| ∑ 𝑏𝑛𝑒𝑖𝑛(𝜙)

∞

𝑛=−∞

|

2

 
(30) 

 

All infinite series are truncated after nmax term. For 

this number J. J. Bowman [25] proposed the value 

𝑛𝑚𝑎𝑥 = (
1

2
𝑘𝑎)

1

3, where ka is the size parameter of the 

cylinder, and this value is used here.   

 
 
3. Numerical results and discussions 
  

Figs. 2 and 3 results are obtained for topological 

insulator cylinder coated with chiral layer. Radius of 

cylinder and coating is taken as 0.63 and 1.26 respectively. 

Relative permeability and relative permittivity of cylinder 

are taken as 1 and 100 respectively, while for coating is 2 

and 4 respectively. Figs. 4 and 5 show the comparison in 

which the radius of the cylinder is taken as zero while 

radius of coating is reduced to 0.1. Relative permeability 

and relative permittivity are taken as 4 and 1.5 

respectively. Obtained results are in good agreement with 

the published results. Figs. 6 and 7 show the scattering 

behavior of topological insulator cylinder coated with 

chiral nihility material. Radius for cylinder and coating are 

taken as 0.63 and 1.26 respectively. Figs. 8 and 9 show the 

comparison of topological insulator cylinder coated chiral 

nihility medium with simple topological insulator cylinder. 

 

 
 

Fig. 2. Co-Polarized component of bi-static echo width of 

Chiral coated TI cylinder in free space with 

𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝁𝒓𝑻 =

𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
, 𝒄𝒑 =

𝟎.𝟏𝟓

𝒌𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅.  
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Fig. 3. Cross-Polarized component of bi-static echo 

width of Chiral coated TI cylinder in free space with 

 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 =

𝟏, 𝝁𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
, 𝒄𝒑 =

𝟎.𝟏𝟓

𝒌𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 

 
 

Fig. 4.  Comparison of chiral coated TI cylinder co-

polarized with [26] only Co-Polarized component solid 

line with 𝑎 = 0.63𝜆, 𝑏 = 1.26𝜆, 𝜇𝑟𝑐 = 2, 𝜖𝑟𝑐 = 4, 𝜇𝑟𝑇 =
1, 𝜖𝑟𝑇 = 100 and dashed line with 𝑎 = 0, 𝑏 =
0.1𝜆,  𝜇𝑟𝑐 = 4, 𝜖𝑟𝑐 = 1.5, 𝜇𝑟𝑇 = 1, 𝜖𝑟𝑇 = 100. 

 
 

 
 

Fig. 5.  Comparison of chiral coated TI cylinder cross-

polarized with [26] only Cross-Polarized component 

with solid line   𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀,  𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 =
𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟒 𝒂𝒏𝒅 𝒅𝒂𝒔𝒉𝒆𝒅 𝒍𝒊𝒏𝒆 𝒘𝒊𝒕𝒉 𝒂 =

𝟎, 𝒃 = 𝟎. 𝟏𝝀, 𝝁𝒓𝒄 = 𝟒, 𝝐𝒓𝒄 = 𝟏. 𝟓, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎. 

 
Fig. 6. Co-polarized component of bi-static echo width of 

chiral-nihility coated Topological insulator circular 

cylinder with 𝑎 = 0.63𝜆, 𝑏 = 1.26𝜆, 𝜇𝑟𝑐 = 10−5, 𝜖𝑟𝑐 =

10−5, 𝜇𝑟𝑇 = 1, 𝜖𝑟𝑇 = 100, 𝛼 =
1

4𝜋𝜖0

𝑒2

ℏ𝑐0
, 𝑐𝑝 =

0.15

𝑘0
𝑎𝑛𝑑 𝜃 = 41𝜋 

 

 

 
 

Fig. 7. Cross-polarized component of bi-static echo width 

of chiral-nihility coated Topological insulator circular 

cylinder with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒄 =

𝟏𝟎−𝟓, 𝝐𝒓𝒄 = 𝟏𝟎−𝟓, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
, 𝒄𝒑 =

𝟎.𝟏𝟓

𝒌𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 

 
Fig. 8. Comparison of Chiral coated TI cylinder with 

simple TI cylinder Co-Polarized component solid line 

with  𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 =
𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎 and dashed line with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 =

𝟎. 𝟔𝟑𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎. 
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Fig. 9. Comparison of chiral coated TI with simple TI 

cylinder Cross-Polarized component solid line with 

 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 =
𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎 and dashed line with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 =

𝟎. 𝟔𝟑𝝀, 𝝁𝒓𝒄 = 𝟐, 𝝐𝒓𝒄 = 𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎. 

 

 

Case II: Nihility Cylinder Coated with Topological 

Insulator Material 

Fig. 1 shows the geometry in which Circular cylinder 

of nihility material is coated with topological insulator of 

uniform thickness. The cylinder is supposed to be of 

infinite length. Radius of nihility cylinder is "a" while 

with coating of topological insulating layer is "𝑏 − 𝑎". The 

region (region I) outside the coating ρ >b is a free space 

and its wave number is 𝑘0 = 𝜔√𝜇0𝜖0. For this case 

medium I is topological insulator, the wave number for 

this region is 𝑘𝑇 = 𝜔√𝜇𝑇𝜖𝑇, while the medium II is 

nihility cylinder termed as region III the wave number for 

this region is 𝑘𝑛 = 𝜔√𝜇𝑛𝜖𝑛, 𝜇𝑛 = 𝜇0𝜇𝑟𝑛,       𝜇𝑟𝑛 is 

relative permeability of nihility medium and  𝜖𝑛 =
𝜖0𝜖𝑟𝑛,        𝜖𝑟𝑛 is relative permittivity of nihility medium 

Incident fields in region I are as follows 

 

𝐸𝑧
𝑖𝑛𝑐 = 𝐸0 ∑ 𝑖𝑛 𝐽𝑛(𝑘0𝜌) 𝑒𝑖𝑛𝜙

∞

𝑛=−∞

 
(31) 

 

Using Maxwell equations 𝜙-component of magnetic 

field can be written as  

 

𝐵𝜙
𝑖𝑛𝑐 = 𝑖√𝜇0𝜖0𝐸0 ∑ 𝑖𝑛 𝐽𝑛

′ (𝑘0𝜌)

∞

𝑛=−∞

𝑒𝑖𝑛𝜙 
(32) 

Similarly the scattered fields in region I are 

𝐸𝑧
𝑠𝑐𝑎 = 𝐸0 ∑ 𝑖𝑛𝑎𝑛

∞

𝑛=−∞

𝐻𝑛
(1)

(𝑘0𝜌) 𝑒𝑖𝑛𝜙 
(33) 

𝐵𝜙
𝑠𝑐𝑎

= 𝑖√𝜇0𝜖0𝐸0 ∑ 𝑖𝑛𝑎𝑛 𝐻𝑛
′(1)(𝑘0𝜌)

∞

𝑛=−∞

𝑒𝑖𝑛𝜙 
(34) 

𝐵𝑧
𝑠𝑐𝑎

= −𝑖√𝜇0𝜖0𝐸0 ∑ 𝑖𝑛𝑏𝑛 𝐻𝑛
(1)

(𝑘0𝜌)

∞

𝑛=−∞

𝑒𝑖𝑛𝜙 
(35) 

𝐸𝜙
𝑠𝑐𝑎 = − 𝐸0 ∑ 𝑖𝑛𝑏𝑛 𝐻𝑛

′(1)(𝑘0𝜌)

∞

𝑛=−∞

𝑒𝑖𝑛𝜙 
(36) 

Now applying following boundary conditions at 

𝜌 = 𝑏, we have 

 

𝐸𝑧
𝑖𝑛𝑐 + 𝐸𝑧

𝑠𝑐𝑎 = 𝐸𝑧
𝑇  (37) 

1

𝜇0

𝐵𝜙
𝑖𝑛𝑐 +

1

𝜇0

𝐵𝜙
𝑠𝑐𝑎 =

1

𝜇𝑇

𝐵𝜙
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝜙
𝑇  

(38) 

1

𝜇0

𝐵𝑍
𝑠𝑐𝑎 =

1

𝜇𝑇

𝐵𝑍
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝑧
𝑇 

(39) 

𝐸𝜙
𝑠𝑐𝑎 = 𝐸𝜙

𝑇  (40) 

 At 𝜌 = 𝑎 

𝐸𝑧
𝑇 = 𝐸𝑧

𝑛 (41) 

  
1

𝜇𝑇

𝐵𝜙
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝜙
𝑇 =

1

𝜇𝑛

𝐵𝜙
𝑛  

(42) 

1

𝜇𝑇

𝐵𝑍
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝑧
𝑇 =

1

𝜇𝑛

𝐵𝑧
𝑛 

(43) 

𝐸𝜙
𝑇 = 𝐸𝜙

𝑛 (44) 

 

 
 

Fig. 10. The co-polarized echo width for topological 

insulator coated nihility cylinder, TM case with 𝒂 =

𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒏 = 𝟏𝟎−𝟓, 𝝐𝒓𝒏 = 𝟏𝟎−𝟓, 𝝁𝒓𝑻 =

𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
, 𝒄𝒑 =

𝟎.𝟏𝟓

𝒌𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 

 
Fig. 11. The cross-polarized echo width for topological 

insulator coated nihility cylinder, TM case with 𝒂 =

𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒏 = 𝟏𝟎−𝟓, 𝝐𝒓𝒏 = 𝟏𝟎−𝟓, 𝝁𝒓𝑻 =

𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
, 𝒄𝒑 =

𝟎.𝟏𝟓

𝒌𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 
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Fig. 12. Comparison of co-polarized echo widths for 

topological insulator coated nihility cylinder with simple 

dielectric cylinder solid line with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝟏𝟎−𝟓, 𝒃 =
𝟏. 𝟐𝟔𝝀, , 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟒 and dashed line with 𝒂 =
𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒏 = 𝟏𝟎−𝟓, 𝝐𝒓𝒏 = 𝟏𝟎−𝟓, 𝝁𝒓𝑻 =

𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎. 

 

 
Fig. 13. Comparison of co-polarized echo widths for 

topological insulator coated nihility with simple nihility 

cylinder solid line with  𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝑻 =
𝟏𝟎−𝟓𝝐𝒓𝑻 = 𝟏𝟎−𝟓 and dashed line with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 =

𝟎. 𝟔𝟑𝝀,  𝝁𝒓𝑻 = 𝟏 𝝐𝒓𝑻 = 𝟏𝟎𝟎 𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 

Figs. 10 and 11 shows the results for nihility cylinder 

coated with topological insulator. Radius of cylinder is 

taken as 0.63 and that of coating is 1.26, relative 

permittivity and permeability for topological insulator 

medium is taken as 100 and 1 while for nihility cylinder 

are taken as 10
-5

 and 10
-5

. Figs. 12 and 13 show the 

comparison of nihility cylinder coated with topological 

insulator with simple dielectric and simple nihility 

cylinder. 

Case III: Dielectric Cylinder Coated with Topological 

Insulator Material 

 

 

 

 Fig. 1 shows the geometry in which circular cylinder 

of dielectric material is coated with topological insulator 

of uniform thickness. The cylinder is supposed to be of 

infinite length. Radius of dielectric cylinder is "a" while 

with coating of topological insulating layer is "𝑏 − 𝑎". The 

region outside the coating ρ >b is a free space and its wave 

number is 𝑘0 = 𝜔√𝜇0𝜖0 mentioned as region I. For this 

case medium I is topological insulator, the wave number 

for this region is 𝑘𝑇 = 𝜔√𝜇𝑇𝜖𝑇, while the medium II is 

dielectric cylinder termed as region III the wave number 

for this region is 𝑘𝑑 = 𝜔√𝜇𝑑𝜖𝑑,  𝜇𝑑 = 𝜇0𝜇𝑟𝑑,   𝜇𝑟𝑑is 

relative permeability of dielectric medium and  𝜖𝑑 =
𝜖0𝜖𝑟𝑑,    𝜖𝑟𝑑 is relative permittivity of dielectric medium 

Incident and scattered fields are same as discussed in 

case-II (31 to 36).Boundary conditions at the interface are 

as first four boundary conditions at 𝜌 = 𝑏 are same as in 

equations 37 to 40 

 At 𝜌 = 𝑎 

 

𝐸𝑧
𝑇 = 𝐸𝑧

𝐷 (45) 

1

𝜇𝑇

𝐵𝜙
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝜙
𝑇 =

1

𝜇𝐷

𝐵𝜙
𝐷 

(46) 

1

𝜇𝑇

𝐵𝑧
𝑇 +

𝛼𝜃

𝐶0𝜋

1

𝜇0

𝐸𝑧
𝑇 =

1

𝜇𝐷

𝐵𝑧
𝐷 

(47) 

𝐸𝜙
𝑇 = 𝐸𝜙

𝐷 (48) 

 

By solving above equations unknowns can be 

obtained and used to plot echo widths as given in 

equations 29 and 30. 

 

 

 
 

Fig. 14.The co-polarized echo width for long infinite 

dielectric cylinder coated with topological insulator, TM 

case with  𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒅 = 𝟏, 𝝐𝒓𝒅 =

𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 



144                                                  A. Illahi, A. Ghaffar, M. M. Ali, Khalid. A. Ibrahim, N. M. Abdel-Salam, S. Ahmed 

 

 
 

Fig. 15. The cross-polarized echo width for long infinite 

dielectric cylinder coated with topological insulator, TM 

case with 𝒂 = 𝟎. 𝟔𝟑𝝀, 𝒃 = 𝟏. 𝟐𝟔𝝀, 𝝁𝒓𝒅 = 𝟏, 𝝐𝒓𝒅 =

𝟒, 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 = 𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅 

 

 
Fig. 16. Comparison of co-polarized echo width for long 

infinite dielectric cylinder coated with topological 

insulator with simple dielectric cylinder with 𝒂 =

𝟏𝟎−𝟓𝝀, 𝒃 = 𝟎. 𝟔𝟑𝝀, 𝝁𝒓𝒅 = 𝟏, 𝝐𝒓𝒅 = 𝟒 , 𝝁𝒓𝑻 = 𝟏, 𝝐𝒓𝑻 =

𝟏𝟎𝟎, 𝜶 =
𝟏

𝟒𝝅𝝐𝟎

𝒆𝟐

ℏ𝒄𝟎
𝒂𝒏𝒅 𝜽 = 𝟒𝟏𝝅. 

 

Figs. 14 and 15 show the results for the dielectric 

cylinder coated with topological insulator. For dielectric 

cylinder relative permittivity and relative permeability are 

taken as 1 and 4. Radius for the cylinder is taken as 0.63 

and 1.26 respectively. Fig. 16 is the comparison of 

dielectric cylinder coated with topological insulator with 

simple dielectric cylinder.  

 
 
4. Conclusion 
 

From all the numerical results it can be observed that 

the obtained results are in good agreement with already 

published work. The fields can be maximized or 

minimized by changing the chirality parameter and 

thickness of coating layer. Co-polarized and cross-

polarized echo widths can be controlled by changing the 

angle of incidence, the angle of observation, the radius of 

cylinder and constitutive parameters. This provides the 

designers to control the echo width of scatterer. In case of 

chiral, rapid variation in the field of the scattered wave 

with different scattering angles has been observed. So 

chirality of cylinder plays an important role in the control 

of RCS. In case of nihility and dielectric coated with 

topological insulter the echo-width approaches to zero. It 

is another striking result. The Metamaterials coating can 

also be used to decrease the echo-width of a conducting 

cylinder. 
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