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A theoretical analysis of the high-speed characteristics of InGaAs/GaAs quantum dot (QD) lasers is presented. Both the 
ground and excited states small signal frequency responses are obtained by analysing small signal modulation. The rate 
equations for the electrons, holes and photons are solved numerically using the fourth-order Runge-Kutta method. The 
effect of relaxation time on light – current characteristics is presented. Modulation response and 3-dB modulation bandwidth 
in various injected current densities, capture times and laser cavity lengths are investigated. Some analytical expressions 
are derived that indicate the relationship between these characteristics and modulation bandwidth. The present results 
show how the dynamics of electrons and holes improve the excited state lasing and high-speed modulation of laser.  
 
(Received February 20, 2015; accepted June 09, 2016) 
 
Keywords: InGaAs/GaAs quantum dot laser, Small signal modulation, Modulation frequency response 
 

 
 

1. Introduction 
  
Semiconductor quantum dot (QD) lasers use QDs as 

the active medium and show superior characteristics over 
traditional bulk, quantum well (QW) and quantum wire 
(QWR) lasers. This is due to the three-dimensional 
confinement for carriers with atom-like energy levels. 
These characteristics are low threshold current [1], 
temperature insensitivity [2], low chirp [3], and 1.3 and 
1.55 µm emission wavelengths suitable for 
telecommunication applications [4]. Direct modulation of 
QD plays a main role in optimization of optical 
communications; they are commonly used in optical fiber 
links because of their low cost, compressed size and low 
power requirements. There is a need to improve the high 
speed modulation characteristics of QD lasers. Possible 
methods are the use of tunnel injection, p-doped and 
excited state (ES) lasers. Theoretical [5-13] and 
experimental [14-15] studies have examined high speed 
modulation and bandwidth limitations for QD lasers. The 
dynamic properties of QD lasers have been investigated 
using models that have simulated their modulation 
response. A maximum modulation bandwidth of 7 GHz 
was obtained by Zhang et al. [16-17], but it was limited by 
QD carrier capture and relaxation time. Naderi has 
obtained the best modulation bandwidth of 12 GHz when 
examining the effect of capture time from the wetting 
layer (WL) to the ground state (GS) [18], but this value is 
still below those reported for QW lasers. Tong et al. have 
reported a bandwidth larger than 12 GHz for p-doped QD 
lasers operating at 1300 nm in wavelength [19], which is 
far below theoretical predictions [20].  

It is necessary to improve modulation response and 
bandwidth.  

The present study is developed a model for 
InGaAs/GaAs double-state QD laser. This model includes 
two discrete energy levels for electrons and one for holes 

using all possible relaxation and escape paths and separate 
electron-hole dynamics [21]. Based on the rate equations 
model MATLAB software was used for the simulation. 
The small signal modulation (SSM) responses for the GS 
and ES were calculated. The modulation bandwidth, 
relaxation oscillation frequency and damping factor were 
extracted of the modulation response equations. The effect 
of inter-level relaxation time on light-current 
specifications for the GS and ES were investigated. The 
GS and ES SSM responses as a function of injected 
current density were plotted at different cavity lengths. 
SSM responses for four capture times from the WL to the 
GS and ES were simulated also. Increase of the 
modulation bandwidth by varying the capture time, cavity 
length and relaxation time was discussed. Optimization of 
the relaxation oscillation frequency and damping factor as 
a function of injected current density were presented. To 
our knowledge for the first time, we are calculated and 
simulated SSM response, relaxation oscillation frequency 
and damping factor of InGaAs/GaAs quantum dot laser by 
considering ES. 

 
 
2. Model description 
 
To study the dynamic of quantum dot laser, the energy 

band diagram for InGaAs/GaAs double-state QD laser that 
developed in [21] is applied and illustrated in fig. 1. This 
model is composed of conduction and valence bands with 
the WL and QD levels. The WL is considered as the 
reservoir of carriers to the lower energy states in QDs: the 
electron exited state (NES), electron ground state (NGS) 
and hole ground state (PGS) with four, two and six-fold 
degeneracies respectively. The QDs are considered to be 
neutral always which electrons and holes are treated as 
electron-hole pairs. The energy states are exitonic, 
dynamics of electrons and holes are separated quite. There 
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are some injected carriers into a separate confinement 
hetero-structure (SCH) barrier firstly and is assumed to be 
injected directly to the WL reservoir.  

 

 
 

Fig. 1. Sketch of the carrier dynamics model. 
 
They are captured to the ES with the capture 

time EW
cn
 and then relax from the ES to the GS within a 

time GE
relaxn
 .

 
Electrons can come back from the GS to the 

ES in a time of EG
en
 and escape into the WL within 

time WE
en
 . Following the sketch of figure 1, the seven 

coupled rate equations on carrier and photon densities are: 
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Charge neutrality is held in the whole system that is 

given as a relation (7): 
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Where eWLf , eESf  and eGSf  are conduction band 

electron occupation probabilities in WL, ES and GS 

respectively. pWLf  and pGSf  are hole occupation 

probabilities in WL and GS of the valence band. 

GSs and ESs are normalized photon densities in the cavity 

with GS and ES  resonance energy that is given by: 
 

./ 0)()()( SEGSEGSEG SSs 
             

(8) 

 
 

Where satGSgdGS gvNS )(/60   and 

satESgdES gvNS )(/120   are the photon densities while 

stimulated recombination lifetime of GS or ES is 
considered 2ns. 

satGSg )( , 
satESg )(  and gv are GS 

saturated modal gain, ES saturated modal gain and group 
velocity respectively. 

vc NN , are the effective densities of 

states in the WL conduction and valence bands. 
dN  is the 

QD areal density and is spontaneous emission factor. 

The GS and ES photon lifetime is written as follows:  
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Where andR1 2R are cavity mirror reflectivities, L is 

the cavity and )(GiE  is internal loss. The output power of 

QD laser can be expressed as: 
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(10) 

 
Here, W is stripe width, SEGh )( is the emitted GS or 

ES photon energy. Mirror loss is calculated by the 
following relation: 

 

.2/)/1ln( 21 LRRm                     (11) 
 

The parameters used in QDL model are listed in table 
1 [21-25]. 

Table 1 
 

Parameter Value Unit 

Injected efficiency, w  77%  

Cavity mirror reflectivities, 21 RR   0.31  

Areal density of QDs, dN  
 

2cm
 

Internal loss, iEiG    2 
1cm

 

Temperature, T  295 K 
Spontaneous emission factor, β 10-4  

GS saturated modal gain, satGSg )(  15 
1cm

 

ES saturated modal gain,  satESg )(  30 
1cm

 

GS emitted photon energy, GSh  0.96 eV 

ES emitted photon energy, ESh  1.04 eV 

Electrons capture time from the WL 

into the ES, EW
cn
  

2 ps 

Holes capture time from the WL into 

the GS, 
GW

cp
  

2 ps 

Electrons reemission time from the GS 

to the ES, EG
en
  

2 ns 

Electrons escape time form  

the ES into the WL, WE
en
  

2 ns 

GS spontaneous emission lifetime, 

rG  
1 ns 

ES spontaneous emission lifetime, rE  

 
1 ns 

WL spontaneous emission lifetime, 

rW  
1 ns 

Stripe width, W  10 m
 

2.1 Small signal analysis 
 
We present an analytical calculation of small signal 

modulation (SSM) response. In order to extract the SSM 
response, the seven rate equations should be linearized by 
considering a sinusoidal current modulation 

jwteIItI 10)(  . Thus laser values vary around their 

steady state solutions as follow: 
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To obtain the SSM response, equations (12), (13) and 

jwteIItI 10)(  are inserted into the seven rate 

equations (1)-(7) and then are lineared by conniving higher 
order terms [26]. Both GS and ES SSM response is 
obtained by following calculations: 
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The GS and ES SSM responses express as: 
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The parameters in equations (14), (15) and (16) are 
introduced in appendix. 
 

 
3. Results and discussions 
 
3.1 Effect of inter-level relaxation time on  
       light – current specifications 
 
To investigate the effect of relaxation time on photon 

density, we have solved seven rate equations (1)-(7) 
numerically by using the fourth-order Runge-Kutta 
method (ODE45).  
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Fig. 2. Comparison of GS and ES photon density as a 
function of the injected current density for three 
relaxation   times  ( ps10 , ps20

 and  ps30 )  at  3 mm  

              cavity length and room temperature. 
 

Fig. 2 shows the GS and ES photon densities as a 
function of the injected current density with inter-level 
relaxation time as a parameter at room temperature (295 
K). The cavity length is considered 3 mm. The numerical 
results show that photon density is dependent on the 
relaxation time. In fact, by increasing the relaxation time, 
the GS photon density decreases, but the ES photon 
density and slope efficiency increases. By increasing the 
relaxation time from ES to GS, the carriers slowly relax 
from the ES to the GS: hence the stimulated emission of 
ES increases. In other words, the carriers of ES emit 
photons when the stimulated emission of GS decreases. 
Therefore, the GS emission output is saturated. Such a 
jump of the lasing wavelength from the GS to the ES 
occurs by gained saturation at the GS, which is due to the 
phonon bottleneck and a subsequent increase in the carrier 
number in the ES [27]. By analysing figure 2, it should be 
mentioned that we are able to obtain the GS and ES 
threshold current density from the horizontal axis in 
different relaxation times. 

 
3.2 Effect of injected current density and cavity  
        length on SSM response 

 
3.2.1 Effect of injected current density and cavity  
          length on GS SSM response 

 
Based on the transient response results, the GS SSM 

response is calculated from analytical expressions (14)-
(52). The results for different injected current densities are 
shown in figures 3(a) and 3(b). The figure 3 is plotted at 
10ps relaxation time from ES to GS and room temperature. 
 

 
 
 

 
 

Fig. 3. GS SSM response in (a) 5 mm and (b) 2 mm cavity 
length  at  four different  injected  current  densities, 10ps  
               relaxation time and room temperature. 

 
The injected current density varies from 200 to 500  

2/ cmA . For investigation of the effect of cavity length 
figure 3(a) is plotted in longer cavity length. In figure 3(b) 
the cavity length is short. As figure 3(a) and 3(b) show, the 
modulation bandwidth increases by increasing the current 
density [28].  

It appears from the fact that the enhancement of 
injected current density causes the photon number and the 
relaxation oscillation frequency increase, and these causes 
the increase in the 3-dB modulation bandwidth. But, the 
relaxation oscillation amplitude decreases by increasing 
injected current. Further increasing the injected current 
density leads to increasing of the damping factor, and thus 
a further increase in the bandwidth is faced with limitation. 
In addition, by comparing figure 3(a) and 3(b), one 
realizes that by increasing the cavity length, the 
modulation bandwidth is broadened. Indeed, it is due to 
the inverse relation between cavity length and GS total 
loss. By increasing cavity length, decreasing GS total loss, 
increasing gain, enhancement of GS photon number and 
the desirable wider modulation bandwidth will be 
obtained. 
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3.2.2 Effect of injected current density and cavity  
          length on ES SSM response 
 
The ES SSM response is calculated from relations 

(16) and (53)-(60). In figure 4(a) and 4(b) ES SSM is 
plotted at four different injected current densities. 
Similarly to GS, figure 4(a) is drawn in longer cavity 
length and figure 4(b) in shorter cavity length.  

Fig. 4(a) and 4(b) show that an increase of the injected 
current density leads to an increase of modulation 
bandwidth as we pointed in section 3.2.1. At 2mm cavity 
length, the ES maximum modulation bandwidth is 
significantly more than 5mm cavity length. By increasing 
cavity length, the relaxation oscillation frequency 
decreases. This leads to decreasing 3-dB modulation 
bandwidth. By comparing figure 3(a) and figure 4(b), it 
can also be found that the ES maximum modulation 
bandwidth is wider than the GS maximum modulation 
bandwidth. This is the high-speed modulation by ES lasing 
that is due to the twofold degeneracy of the ES compared 
to the GS. Therefore, the ES saturated gain is twice the GS 
saturated gain. 
 

 
 

 
 

Fig. 4. ES SSM response in (a) 5mm and (b) 2mm cavity 
length at four different injected current densities, 10ps 

relaxation time and room temperature. 
 

3.3 Effect of capture time and cavity length on  
       SSM response 
 
3.3.1 Effect of capture time and cavity length on  
          GS SSM response 
 
In fig. 5(a) and figure 5(b) the SSM responses for GS 

in both 5 mm and 2 mm cavity length is displayed, 
respectively. Capture time from the WL to the GS varies 
from 4ps to 30 ps. The simulation results of SSM show 
that the decreasing of the capture time leads to the wider 
the modulation bandwidth for both short and long cavity 
length [18, 29]. It is important to emphasize that by 
decreasing the capture time the relaxation oscillation 
frequency and relaxation oscillation amplitude increase. 
 

 
 

 
 

Fig. 5. GS SSM response at four different capture times  
in (a) 5mm and (b) 2mm cavity length. 

 
It can be expressed that by decreasing the capture time 

to GS, the presence of carriers in the GS increases and so 
the stimulated emission of GS increases, which leads to an 
increase in the modulation bandwidth. By comparing fig. 
5(a) and 5(b) it can be said that the 3-dB modulation 
bandwidth is significantly wider in longer cavity length as 
explained in section 3.2.1. 
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3.3.2 Effect of capture time and cavity length on  
          ES SSM response 
 

Fig. 6(a) and 6(b) show ES SSM response in three 

various capture times ( WE
cn ).  

 

 
 

 
 

Fig. 6. ES SSM response at three different capture times 
in (a) 5mm and (b) 2mm cavity length. 

 

By studying fig. 6, it can be understood that an 
enhancement of capture time from WL to the ES follows a 
decrease in the modulation bandwidth, especially in longer 
cavity length. This is due to a delay in the capturing of 
carriers into the ES and therefore a reduction of stimulated 
emission. In short cavity length the 3-dB modulation 
bandwidth is wider than the long cavity length, as we 
expressed in section 3.2.2. Therefore, the widest 
modulation bandwidth can be achieved by decreasing both 
the laser cavity length and the capture time from WL to 
the ES according to fig. 6(b).  
 

3.4 Effect of injected current density and  
       relaxation time on the relaxation oscillation  
       frequency  
 
Fig. 7(a) and 7(b) displays relaxation oscillation 

frequency versus the injected current density root in two 

different relaxation times from ES to GS and 3 mm cavity 
length. One can see from figure 7 the direct relation 
between the injected current density root and relaxation 
frequency for GS and ES [26]. It should be mentioned that 
lower injected current density leads to a lower photon 
density: this is due to the fact that relaxation oscillation 
frequency is proportional to photon density according to 
relations (45)-(52) for the GS and (54)-(60) for the ES. 
Therefore, relaxation oscillation frequency increases by 
increasing the injected current density. By studying these 
figures, we can see the relation between relaxation 
oscillation frequency and relaxation time from ES to GS. 
As expected by increasing the relaxation time from ES to 
GS, GS relaxation oscillation frequency decreases while 
ES relaxation oscillation frequency increases. It is due to 
decreasing GS photon density and increasing ES photon 
density by increasing relaxation time. Figure 7(b) shows a 
non-zero relaxation oscillation frequency at low bias 
powers due to the carrier escape times. 
 

 
 

 
 

Fig. 7. Relaxation  oscillation frequency as a function of 
the root of the injected current density at 20ps and 30ps 

relaxation time for (a) GS and (b) ES. 
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3.5 The evolution of damping factor ( 21  and ) as  

       a function of the relaxation oscillation  
       frequency  
 
So far, our simulations have been based on 

investigation of 3-db modulation bandwidth and high-
speed characteristics. In this section, it is worthwhile to 
introduce the damping factor that is a limiting factor for 
the modulation bandwidth. Figure 8 is a plot of GS and ES 
damping factor versus the square of the relaxation 
oscillation frequency.  
 

 
 

Fig. 8. GS and ES Damping factor versus square of the 
relaxation oscillation frequency at 3mm laser cavity 

length and10ps relaxation time. 
 

According to this figure, both damping factor and 
relaxation oscillation frequency have similar trends. The 
increase in relaxation oscillation frequency leads to an 
increase in the damping factor for both GS and ES. The 
slope of the damping factor as a function of the square of 
the relaxation oscillation frequency curve is proportional 
to K factor. K factor is another main factor used to 
determine the damping rate of a system and decreases the 
modulation bandwidth. Therefore, the lower rate of K 
factor is desirable [30]. By analysing figure 8, it is clear 
that the slope of the damping factor line  of GS is more 
than the ES line. Hence, GS K factor is higher than ES K 
factor. Therefore, it is the high-speed modulation by ES 
lasing.  

 

3.6 The evolution of damping factor ( 21  and ) as  

       a function of the injected current density  
 
Fig. 9 shows the effect of the injected current density 

on GS and ES damping factor at 10ps relaxation time and 
3 mm cavity length. As expressions (50)–(60) show, the 
damping factor is proportional to injected current density. 
Enhancement of the injected current density leads to 
increasing the damping factor. [30]. By comparing GS and 
ES damping factor lines, it can be seen that the slope of 
GS line is more than ES: it is high-speed modulation by 
ES lasing. 

 
 

Fig. 9. Damping factor as a function of the injected 
current density for GS and ES. 

 
 

4. Conclusion 
 
In this paper, based on a set of rate equations for 

carriers and photon densities, we have theoretically 
calculated the SSM response function of InGaAs/GaAs 
QD lasers. The rate equations were solved using the 
fourth-order Runge-Kutta method. We have studied the 
light–current specifications at different inter-level 
relaxation times. Then, we have presented an analysis on 
the effect of capture time, cavity length and relaxation 
time on the GS and ES SSM response. The improvement 
of 3-dB modulation bandwidth was studied in detail. The 
GS bandwidth enhancement was provided by decreasing 
capture time and relaxation time, and increasing cavity 
length and injected current density. ES lasing can increase 
the modulation bandwidth of QD lasers at short cavity 
length, low capture time from WL to ES, high injected 
current density and high relaxation time from ES to GS. 
Furthermore, our studies have improved ES 3-dB 
modulation bandwidth to more than 10 GHz. Relaxation 
oscillation frequency as a function of the injected current 
density has been simulated. Damping factor as a function 
of square relaxation oscillation frequency and injected 
current density has been described. These phenomena 
show significant potential towards improving the dynamic 
characteristics of ES lasers as 3-dB modulation bandwidth. 
These results have a prime importance for further 
improvements in QD laser dynamic characteristics. 
 
 

5. Appendix 
 
The parameters in SSM for GS and ES (equations (15) 

and (16)) are presented as following equations: 
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w

1
is relaxation oscillation  frequency and 
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  is damping 

factor that are given as: 
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In equations (49) and (50) 
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We can obtain the ES small signal modulation 

response as the way calculated for GS by: 
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