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1. Introduction

Optical solitons is one of the most fascinating areas of
research in nonlinear optics. There is lots of research
activity that are being conducted in various corners of the
world in this filed [1-15]. This lead to several results that
have various practical applications. This paper will address
the dynamics of optical soliton propagation through
magneto-optic waveguides in presence of spatio-temporal
dispersion (STD). This dispersion term is considered in
addition to the usual group velocity dispersion (GVD) and
it provides well-posedness to the problem [8, 13].
Magneto-optic waveguides provides a means for
compelling solitons to move from a state of attraction to a
state of isolation [2, 3, 15].

The nonlinear Schrodinger's equation (NLSE), with
perturbation terms, will dictate the dynamics of the
propagation of solitons through these waveguides. There
are three types of nonlinear media that will be touched
upon, in this paper. These are Kerr law, power law and log
law. For the first two cases, bright, dark and singular
soliton solutions to the governing equation will be
obtained. The integrability conditions, also known as
constraint conditions will naturally fall out of the
integration scheme. In the past, this problem has been
studied with unperturbed NLSE, and the results are
reported [15]. This paper is therefore an extension of
earlier results.

2. Mathematical model

The mathematical model that describes the dynamics
of soliton propagation through optical fibers in presence of
magneto-optic field is given by the following coupled
system of NLSE [2, 3, 15].

0, + 240 + By + P (g2) + P (D) =

=Qr+ i{aqu +ﬂqﬂqlzq)x +V1Qq|2)xq + Hllqlqu} @

irt Tyl +b2rxt + {éZF(|r|2)+772F(|q|2)}’ =

)
=Q,q+ i{azrx +12Q"|2 r)x +V20r|2)x r+6,° rx}

In equations (1) and (2) a; represents the coefficients of
GVD while bj, for j = 1, 2 are the coefficients of STD. The
functional F is the type of nonlinearity that will be
considered. On the right hand side Q; represents the
magnetic field effect, while ¢; are the coefficients of inter-
modal dispersion. Also, /; represents the coefficients of
self-steepening terms in order to avoid shock-wave
formation, v; are the coefficients of nonlinear dispersion,
while ¢; also gives nonlinear dispersion. Besides Q;, all
terms on the right hand sides, are treated as strong
perturbation terms. This paper will carry out the
integration of the model given by (1) and (2), in order to
extract soliton solutions to the equations. This will be
possible provided the type of nonlinearity is given. This
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will be discussed in the next three sections after an
elementary analysis in the remainder of this section.

To integrate the coupled NLSE (1) - (2) we assume a
solution structure of the form

a(x,t) = P (x 1) g™ (3)
r(x,t) = P, (x,t) g2V (4)
where Py(x, t), for | = 1, 2 represents the amplitude

component of the soliton, and phase factor is given by
with

dX ) =—rX+ak + 0 (5)

Here « is the frequency of the solitons while w represents
the wave number and @ is the phase constant. Substituting
(3) and (4) into (1) and (2) and then decomposing into real
and imaginary parts gives

o’m , 0°R
—2'+b| —L i (bkw-w-ax? —a k)P —
OX oxot (6)

—k(h +0)P + 5 F (PR + mF (PP QP =0

q

with 1=3—1, and imaginary parts yields

i

R,
(1—Kb|)g+(0)b| —Zal’(—%)a—xl:

)
oP
=34 +2v, +6,)R? &I

From equation (7) is possible to retrieve the speed of the
soliton

_bo-2ax-¢

1-bx ®)

as long as the constraints
Kby =1 9)
34 +2v, +6,=0 (10)

remain valid. Notice that P(x, t) can be represented as
g(Xx—Vvt) where the function g is the soliton wave profile

depending on the type of nonlninearity, and v is the speed
of the soliton. Now, equating the two values of the solitons
speed (8) leads to

Consequently the equation (8) reduces to

_bo-2axk-a

1-bx (12)

subject to
=l (13)

Equation (12) shows that the speed of the soliton is a
rational quantity and so this can lead to soliton speed
control, which can be applied to address Internet
bottleneck, which is a growing problem in Internet data
transfer. It is worth to mention that the speed of the soliton
given by (12) stays valid as long as constraints (9) and
(10) hold. Therefore the coupled NLSE for the perturbed
magneto-optic waveguide is re-casted as

0 + 20 + by + 5 F(02) + ()i = "
=Qr+ i{aqx %quzq)x +V1quz)xq + Hllqlqu}

ir, +ar, +br, + {§2F(|r|2) +772F(|q|2)} =

el o]

and as a consequence the real part equation (6) modifies to

a

2 2
R +bﬂ+(b/<a)—a)—a1<2 —akx)P -
ox? oxét (16)

Kk +O)PE + EFRD +mF(RAIR —QR =0

For the next three sections the study of the integrability of
(16) will be stressed for three different types of
nonlinearity.

3. Kerr law

For Kerr law nonlinearity, F(s) = s. As a consequence,
the equations (14)-(15) modify to
. 2 2
Iqt +adyy +qut + {§l|q| +771|r| }] =
. 2 2 2 a7
=Qr+ I{aqx + &QQI q)x +vlﬂq| )Xq +6/q qx}

ir, +ar,, +br, + {§2|r|2 +772|q|2}r =

18
:Q2q+i{o¢rX Jr/lzﬂr|2r)X +v2Qr|2)xr +92|r|2rx}( )

The imaginary part (7) is preserved and the corresponding
real part equation (16) is given by

2 2
oh +ba il +(bxow- o —ax? — ax)P, +
ox> oxot (19)

+{§| +2x(4 +‘9|)}P|3 +1 PiZP| =QF

a

after considering the constraint (10). The ansatz approach
will be applied to this equation to retrieve the
corresponding bright, dark and singular solitons solution.
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3.1 Bright solitons

For bright solitons the assumption for the wave profile
is
B = Asech 't (20)

T=B(X—W) (21)

Where A, and B represent the amplitude and inverse width
of the soliton, respectively. Substituting (20) into (18) and
simplifying leads to

A {(ba)lc-a)-alcz - oK)+ pf(a—bV)Bz}seCh Pz

+(& +2x(4 +v,))A’sech Pz +

22
+p; (1+ p,)(a-bv) A B?sech P2z + (22)
+ A Asech " Pz —Q Asech iz =0
Balancing principle yields
P +2=3p; (23)
so that
p =1 (24)

for 1 =1, 2. Next, from (22), setting the coefficients of the
linearly independent functions

i 2aB2 _(gl +2x(4 +V|))A|2 - Aiz

\Y
2bB?

(25)

whenever bB = 0, and for the wave number one obtain

,|@8)

1 2x(a+ax)A +2Q A -
= (& + 2(h + V)N AN

oL
2(bx —1) A

Equating the two expressions for the soliton speed v that
arise for 1 = 1, 2 in (25) implies

A,

A _ \/52+2K(/12+V2)—771 @
S+ 26(Ay +vi) -1,

which immediately prompts the constraint
[S2 +26(A +v2) =[G +26(4 +v1) —17,] >0 (28)

Similarly, equating the two expressions for the soliton
wave number from (26) for | = 1, 2 gives

[52 + 2y +v2) ~mIAZA - (29)
—[& + 2k +v1) — 1IN A, +2(ATQ, - ATQ,) =0

which connects the amplitudes of bright solitons in the two
components. Next, by equating (12) and (25) for either | =
1 or I =2 and considering (27), one get

A = B\/Z[f2 +2k(A, +v,) —m1[(1-bx) —b(bew - 2ax — )]
A-br)[&, + 26 (A + V)&, +2x(A; +v,) =1, ]
(30)
subject to

[&5 +2x(A, +v,) = ][(1—bx) —b(bew — 2ax — a)] x 31)
x (L-br)[& + 2x(Ay +v)I[E; +2K(Ay +vp) =] >0
and

A B Jztgq + 2x(J +v1) — 17, ][(1- bx) —b(bw — 2ax —a)]
? A-br)[& + 26(4 + V)&, +2x(Ap +V,) — i, ]

(32)
provided

[&, + 2x(, +v1) = 7, ][(L - bx) — b(bw - 2aK — )] x

33
x (L=br)[&; + 2x(A + VIS, + 2x(Ay +v,) —m,]1 >0 (33)

By performing a substitution of (30) and (32) into identity
(29) one get two possible expressions for the soliton
frequency,

o blbo—a)-a

(34)
ab
subject to
ab=0 (35)
and
o= Qu(7, —&1) —Qy (1 = &,) (36)
2[Qu (A4 +v1) — Qo (4, +v5)]
conditioned to
Qu (A +v1) # Qy (A, +v5) (37)

Finally, the bright 1-soliton solution for perturbed
magneto-optic waveguides with STD is

q(x,t) = Asech[B(x —vt)]e'x+et+6) (38)
r(xt) = A,sech[B(x —vt)]e!x+et+6) (39)

3.2 Dark solitons

For dark solitons the assumption for the wave profile
is
P =AtanhP 7 (40)

where 7 is being defined as in (21) . However for dark
solitons the parameters A, and B are considered herein as
free parameters. Substitution of (40) into (17) and (18)
leads to
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A {(ba)K-a;—aKZ -“’()_Zpﬁ(a—bv)Bz}tanh oy

+p, 1+ p,)(a-bv) A B?tanh P27 +

+py(py -1)(a-bv) A B2tanh P ~*7 + )
+(& +2x(4 +v,))Atanh*P 7 +

+ A A tanh "Rz - Q Atanh P =0

Balancing principle leads to the same value of p, as given
in (24). Moreover, the standalone linearly independent

functions tanh P*27 also yields the same value of p;. Next,
setting the coefficients of other linearly independent

functions tanhP*Izto zero for j = 0, 2 gives

_ 2aB% +(& +2c(4 + V)N +m A

\Y
2bB?

(42)

and

1 k(a+a)A+QA -

e S 43
CT or DA (& + 26 + )R - AR )

Now equating the two expressions for the soliton speed v
that arise for | = 1, 2 in (42) implies the same relation as
given in (27). Consequently, equations (30) - (33) are also
valid for dark solitons. Similarly, equating from the
soliton wave numbers (43) yield

[S2 +2x(4; +v,) —771]A§A1 - (44)
—[& +2c(A +v1) — 1, ]AC Ay + (AQ, — APQ,) =0

that relates the free parameters A,. Then, by equating (12)
and (42) for either 1 = 1 or | = 2 and considering (27), one
recovers

A1 =
_ B\/2[§2 +2x(Ay +v,) —m][b(bw — 2ax — a) —a(l-bx)]
(L=bx)[&; +2xc(4 +v)I[E, + 26(Ay + V) —mm,]
(45)

subject to

[, +2x(A, +vy) —m ][b(bow —2ak — ) —a(l—bx)] x (46)
x(L-br)[& + 2x(A + VIS, +2x(A; +v2) —mn,]1> 0

and
A, =
_ B\/Z[gfl + 24 +v;) —n,][b(bw - 2ax — a) —a(l—bx)]
(L=br)[& +2x(Ay + V)&, + 26(A, +vp) —mym,]
(47)
provided
[& +26(4 +vy) — 1, ][b(bo - 2ax — ) —a(l —bx)] x (48)

x (L=bx)[& +2x(Ay +v)I[E; +2K(Ay +v5) =121 >0

Then, substituting (45) and (47) into (44) one retrieve the
same expressions for x and corresponding constraints as in
(34)- (37). This leads to the dark 1-soliton solution for
perturbed magneto-optic waveguides with STD as

q(x,t) = Attanh[B(x —vt)]e' -+t (49)

r(x,t) = Aytanh[B(x —wt)]e? (-x+at+9) (50)
3.3 Singular solitons

For singular solitons the assumption for the starting
hypothesis is

P =Acsch Pt (51)

Where i is being defined as in (21), while the parameters
A, and B are considered herein as free parameters again.
Upon substituting (51) into (18) yield

A {(ba)K‘-(o-aK‘Z -oK)+ p,z(a—bv)Bz}csch Pir 4+
+(& —x(4 +v;))A%csch®Piz +

+p, (1+ p)(a-bv) A B%csch P27 +

+ 1y A Aesch 2Pz —Q Acsch 'z =0

(52)

Balancing principle gives the same value of p; as given in
(24). Next, from (52), setting the coefficients of the

linearly independent functions csnh P*!z to zero for j = 0,
2gives for the soliton speed the same expression as in (42),
which naturally implies the same relation as given by (27).
Therefore, the amplitudes for singular solitons are the
same as for dark solitons with corresponding constraints
(45) -(48). For the wave number one have

1 2ic(a+a) A +2Q A +

_ 53
“ T 2(ox 1A +(& +26(h + )N+ AN 9

Equating the two expressions for the soliton wave number
from (53) for | = 1, 2 gives

[£ +2x(2 +v2) ~m]ATA - (54)
—[& + 25 (A +vy) —m, IAY A, - 2(ASQ, — AZQ,) =0

By substituting (30) and (32) into (54) one get the same
expressions for k and corresponding constraints as in (34)-
(37). Hence, the 1-soliton solution for perturbed magneto-
optic waveguides with STD is

q(x,t) = Ajcsch[B(x —wt)] e (ox+et+6) (55)
r(xt) = A,csch[B(x —vt)]e' +t+0) (56)

This singular soliton will exist provided the
constraints conditions given in this subsection.
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4. Power law

For the power law nonlinearity, F(s)=s", where n
represents the power law nonlinearity parameter. Here the
stability issue dictates 0 < n < 2 and also n=2 for
avoiding self-focusing singularity. Thus, the system (14) -
(15) is rewritten as

. 2n 2n

|qt + aqux + bqut + {él|q| +771|r| }] =

:Ql”‘{“qu%QQIZHQ)X +V1QQ|ZH)Xq+«91Iq|2"qX} 0

. 2n 2n
i, +a2rxx+b2rxt+{§2|r| + 1,0 }':

(58)
=Q,q+ i{ozzrX + ﬂzﬂrf" r)X + vzﬂrfn )X r+ 492|r|2n rx}

Upon substituting (3) and (4) into (57) and (58) the
resulting real part obtained is

2 2
| 0 S' oR + (k- w—ayx? —oyk)P +
OX oxot (59)

+(EP +PPR = QP +&(4 +6)R™

+b|

and for the imaginary part

il
ot

={@2n+DA +2nv, + 6P,

(1-40) T+ g — 28— ) T =
X

(60)
2n R

From (60) is possible to retrieve the solitons speed (8) as
long as the constraints (9) and

@n+D)A4 +2nv, +6, =0 (61)

Consequently (11) and (12) are also satisfied in this case,
and the real part (59) becomes

2 2
aa—P'+ba—P'+ (bxw—w—ax? —ax)P +
ox? oxot (62)

+(§|P|2n +m Pizn)Pl =QR +x(4 +‘9|)P|2n+1

The ansatz approach will be applied to equation (62)
in order to retrieve bright, dark and singular solitons.

4.1. Bright solitons

For bright solitons, the starting hypothesis is the same
as that of Kerr law nonlinearity given by (20) along with
(21). After substitution, (59) reduces to

A {bok-0-ax? -ax) + p? (a—bv)B2 fech 7 +
+(§| _K(ﬂq +9|))A|2n+1sech (2n+1) p|z.+

63
+py (1+ py)(@-bv) A B?sech P+ + ©3)
+ 77' A| Ai2n+lsech pl+2nﬁz_ _QI AiSGCh piT — 0
Balancing principle yields
P +2=02n+D)p; (64)
so that
1
== (65)
n

for 1 =1, 2. Next, from (63), setting the coefficients of the

linearly independent functions sech "*)zto zero, for j = 0,
2 leads to the speed and wave number of the bright soliton
as
n+1)aB? - 1
V= ;2 ( 2 ) 2 2 A2 (66)
(N+DbB? | —n?(& +2nx(4 +))A™" —n’m AP

and

k(n+)(a+ax)A -

—n?(& +2nx (4 +v))A + | (67)

T ) -DA )
QA — A A

after using constraint (61). Next, equating the two
expressions for the soliton speed v that arise for 1 =1, 2 in
(66) implies

1
i:|:§2 +2nK(/12 +V2)—771:|2n (69)
A, | & +2nk(hy+vy) -1,

subject to

[S2 +2nx( 2, +v5) —m]l& + 20K (4 +v1) —77,] > 0 (69)

Similarly, by equating the two expressions for the soliton
wave number from (67) for | = 1, 2 one obtains

[£, +2n& (A, +6,) —m 1A A, —
—[& +2nK(Ay +6,) — 1, 1A Ay + (N+D)(AJQ, — AZQ,) =0
(70)

Next, by equating (12) and (66) for either | =1 or I = 2 and
considering (68), recovers the soliton amplitudes as

A =Bx
1

(n+D[&, + 2nx (4, +v,) —m]lalbx —1) —b(bw — 2ax — a)] 2n
nz(bff—l)[fl +2nxc(4 +v)I[S, + 2Nk (A, +vo) =177, ]

(71)
subject to
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[, +2nk(4, +v,) —m][a(bx —1) —b(bw — 2ax — )] x
x (bx =D& + 2nx (A +vI[E, +2nx(A; +v,) —mn,]1>0
(72)
and

A, =Bx
1
(n+D)[& + 2nk (4, +vy) — 1, 1[albx —1) + b(bw — 2ax — a)] |2
nz(b’f—l)[éfl +2nx(A +vI[E, +2nx(Ay +v,) — ;]
(73)

Subject to

[& +2nx (4 +vy) —n,][a(bx —1) + b(bw — 2ax — )] x
(bx =D& +2nxc(A +v)I[S; + 2Nk (A, +vy) —17477,] > 0
(74)

Thus, the bright 1-soliton solution for magneto-optic

waveguides with STD and power-law nonlinearity is
1

q(x,t) = Assech " [B(x —vt)] el(-ocet+0) (75)
1
r(x,t) = Ajsech "[B(x —vt)]e! +4+0) (76)

4.2. Dark solitons

For dark solitons, the starting hypothesis is as given
by (40), thus the real part equation simplifies to

A| {(ba)K-a)-aKZ ‘aK)_zplz(a_bV)Bz}[anh L

+ Py(L+ py)(a-bv) A Btanh P27 4

+ Py (py -1)(a-bv) ABtanh P %7 + 77)
+ 5 A anh G

+m A AI—Z”tanh PIr2nki —-Q Atanh Piz=0

Balancing principle leads to the same value of p, as
given in (65). Moreover, the standalone linearly

independent function tanh P27 also yields the same value
of p, as given by (24). This means that dark solitons will
exist in magneto-optic waveguides provided power law
reduces to Kerr law. Therefore all the results from the
subsection of dark solitons for Kerr law nonlinearity are
valid for this subsection as well.

4.3. Singular solitons

For singular solitons, the starting hypotesis given by
(51) reduce (59) into

A {(ba)K— w-aK? -ax)+ p|2 (a—bv)Bz}csch Pir+

+(& +2nk(4 +v,))AP esch @M DPiz

+p, 1+ p)(a-bv) A B2csch P27 +

+m A A" csch P2Piz —Q Acsch fiz =0

(78)

after adopting the constraint given in (61). Balancing
principle gives the same value for p,as in (65). Then, from

(78), the linearly independent functions csnh Pt for j=
0, 2 leads to

1 (n+1)aB? +
= (N+DbB? | +n?(& +2nx(4) +v))A™ +n’py AP
(79)
and
k(n+D)(a+ax)A +

+ (5, +2nx (4 +v, ))A,2n+1 +

T )b -DA )
FOHDQUA +7 A AT

(80)

Next, after equating the two expressions for the soliton
speed v in (79), one gets (68) and consequently (69). In a
similar manner, equating the wave numbers from (80) for
=1, 2 prompts to

[£, +2n& (A, +v,) —m 1AM A, —
—[& +2nK(Ay +vy) — 1, ]AT Ay + (N+D)(AJQ, — AZQ,) =0
(81)

Next, by equating (12) and (79) for either | =1 or | = 2 and
considering (68), one generates

A =Bx
1

{(n +D[&, +2nk (A, +v,) —m][b(beo - 2ax — &) —a(l—bx)] 2n
n? (L= bx)[& +2nx(Ay +v1)I[E; +2nK(Ay +v,) = m7,]

(82)
subject to

[&; +2nk(4, +v,) —m][b(bw — 2ax — ) —a(l - bx)] x 83)
x(L-bx)[& +2nx (A + IS, +2nx(A; +v,) —mn,] >0

and

A, =Bx

1
{(n +[& +2n& (A, +v,) — 17, ][boe — 2ax — o) —a(l—bx)] |20
nz(l— br)[&y + 2nx (A4 +vi)I[E; + 2nx(Ay +Vvy) —myn, ]
(84)
Subject to

[& + 2nx (4 +vy) — 1, ][b(bw — 2ax — ) —a(l—bx)] x
A-bx)[&; +2nx (A +vi)I[E, +2nK(A; +vy) =] >0

The singular 1-soliton solution for

waveguides with STD is

magneto-optic
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1
q(x,t) = Acsch " [B(x — vt)] &' Fret+0) (86)

1
r(x,t)= AZCSChH[B(x_Vt)]ei(—mewg) (87)

These singular 1-soliton will exist provided necessary
constraint conditions hold.

5. Log law nonlinearity

For log law nonlinear media, solitons in magneto-
optic waveguides are modeled by

i, + a0y, +bq,, + {51 In|q|2 + In|r|2}q =

. (88)
=Qir +1y0y

ir, +ar,, +bry +{§2 In|r|2 +1, In|q|2}r =

89
:Q2q+ia2rx 9

For this kind of nonlinearity, the real part (16) is given by

a*p . 9°R
| 8x2| +b aXaL + (b k- w—ayk? — oy k)P + (90)

+25RInR +27 R InF =QF

a

For log-law nonlinearity, NLSE supports optical
Gaussons that are given as
P=Ae" , r=B(x-w) (91)

where A, represents the amplitudes of the Gaussons, while
B is its inverse width. Inserting this hypothesis into (90)
gives

2027 f2(a—bv)B? — (& +71,) - 2AB%(a—bv) 1+
+A(box-w-a®-a)+2A & Ing +n,Inn) - (92)
-Q/InA =0

Setting the coefficients of the linearly independent

functions ¢! , for j = 0, 2 leads to the velocity of the
Gaussons being

2 — p—
V:% (93)

Thus, equating the two expressions for the v from
(93) proposes the constraint

S =S =m—1, (94)

The second linearly independent function from (92)
yields the wave number of Gaussons as

Al(a+ax)=2(& InA +7 InA)+& +m (+Q InA
(b -1 A

(95)

Finally, equating the two values of © from (95), for | = 1,
2, leads to the relation of the two amplitudes by

2 A (7, — &) INA + (& —m) In Ay J+

(96)

+ A& &)+ —m) N AL+ AZQ — AJQ, =0
Therefore, optical Gaussons in magneto-optic waveguides
with log-law nonlinearity is

q(xt) = Ale—Bz(x—vt)z ei(—xx+a)t+€) (97)

r(x,t) = Aze—Bz(x—vt)zei(—zaw)HH) (98)

6. Conclusions

This paper obtained exact 1-soliton solutions to NLSE
in magneto-optic waveguides with perturbation terms
taken into consideration. The STD was included in
addition to GVD which makes the problem well-posed. In
fact, the inclusion of STD provides a means to control
Internet bottleneck. The perturbation terms considered are
inter-modal  dispersion,  self-steepening,  nonlinear
dispersions. Three types of nonlinearity are studied and
they are Kerr law, power law and log law. Several
constraint conditions are obtained. These relations must
remain valid for the solitons to exist.

There are several avenues of extension to this project
in future. There are additional laws of nonlinearity that
will be touched upon in future. They are parabolic law,
dual-power law, polynomial law, triple-power law,
saturable law and many others. The computational aspects
for these additional laws will require long and tedious
algebraic maneuvering and simplification. Therefore study
for those laws will be reported in future. This is just a tip
of the iceberg.
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