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Using the expressions for the average radiation power of three and four electrons moving one by one in a spiral in vacuum 
the synchrotron radiation spectrum for the first time is obtained and studied. The synchrotron radiation spectrum of a single 
electron is compared to these of two, three and four electrons moving in a spiral in vacuum. The influence of the coherence 
factor on the spectrum of synchrotron radiation is studied. 
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1. Introduction 
 
Investigations of the radiation spectrum of a  system 

of electrons moving in magnetic fields are important from 
the point of view of their applications in astrophysics, 
electronics, plasma physics, etc. [1-3]. 

The fine structure of synchrotron radiation spectrum 
for one and two electrons moving in magnetic field was 
studied in [4–12]. 

In this paper using the exact integral relationship for 
the spectral distribution of radiation power of three and 
four electrons moving one by one along a spiral in 
vacuum, the fine structure of synchrotron radiation 
spectrum is investigated for the first time by means of 
analytical and numerical methods in the case when the 
longitudinal component of velocity (the component 
parallel to magnetic induction vector) is much less than the  
velocity of light in vacuum. The synchrotron radiation 
spectrum of a single electron is compared with the 
radiation spectra of two, three, and four electrons moving 
in a spiral in vacuum.  The influence of the Doppler effect 
and coherence factor on the spectrum of synchrotron 
radiation for one, two, three, and four electrons is studied. 

 
2. Radiation power of the system of electrons 
    moving along a spiral in vacuum  
 
The time-averaged radiation power radP  of charged 

particles moving in magnetic field is expressed in [4-6] as 
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Here ( )trj ,r
r

 is the current density and ( )tr ,rρ  is the charge 
density. The integration is over some volume τ . 
According to the hypothesis of Dirac [13], the scalar 

( )trDir ,rϕ  and vector ( )trADir ,r
r

 potentials are  defined 
as a half-difference of the retarded and advanced 

potentials: 
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Then according to [4], the source functions of N  
charged point particles are defined as  
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where ( )trl
r

 and )(tVl
r

  are the motion law and the 

velocity of the thl  particle, respectively. 

The law of motion and the velocity of the thl electron 
moving in a spiral in vacuum are given by the expressions 
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extB
s

||0Z, ⊥V and ||V  are the components of the velocity, 

pr  and E~  are the momentum and energy of the electron, 
e and 0m  are its charge and rest mass.  

The time-averaged radiation power of system of 
electrons we obtain after substituting expressions (2) – (4) 
into (1). Then 
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cyclic frequency, and c  is the velocity of light in vacuum.  
In the case of electrons moving one by one along a 

spiral the coherence factor ( )ωNS  takes the form [4]: 
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This factor determines a redistribution of the charged 
particles radiation power between harmonics.  

 
 
3. Spectral distribution of synchrotron 
    radiation power of two, three, and four 
    electrons 

 
Starting from relationships (5) and (6) the contribution 

of separate harmonics to the averaged radiation power can 
be written as 
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where θ
ω
ω

= ⊥ sin1

0
V

c
q , ( )qJm  and ( )qJm′  are the 

Bessel function with integer index and its derivative, 
respectively.  

From relationship (8) one can conclude that each 
harmonic is a set of the frequencies, which are determined 
from the solution of the equation  
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The influence of the Doppler effect determines the 
band’s boundaries of separate harmonics in the radiation 
spectrum of the considered systems of two, three, and four 
electrons moving one by one n along a spiral in vacuum. 

The coherence factor ( )ω1S  of a single electron is 
defined as  

( ) ( ) 11 == ωω SSN .                   (10) 
In the case of two electrons the coherence factor 
( )ω2S  is defined as  

( ) ( )122 cos22 tS ∆ω+=ω .                    (11) 
Here 1212 ttt ∆−∆=∆  is the time shift between the first 
and second electrons moving along a spiral. The analogous 
expression for the coherence factor was obtained by 
Bolotovskii [14]. 

The coherence factor ( )ω3S  of three electrons takes 
the form  

 ( ) ( ) ( ) ( ){ }231223123 cos2cos2cos23 ttttS ∆+∆+∆+∆+= ωωωω    (12) 
 

Here 23t∆  is the time shift between the second and third 
electrons. 

The coherence factor ( )ω4S  of four electrons is 
defined as  
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where 34t∆  is the time shift between the third and fourth 
electrons. 

The total radiation power emitted by a single electron 
is determined, according to [15], as 
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It is interesting to compare the radiation power 

spectral distribution for two, three and  four  electrons 
(curve 2 in Fig. 2, curve 3 in Fig. 3, and curve 4 in Fig. 4, 
respectively) was to that of a single electron (curve 1 in 
Fig. 1). Our numerical calculation of the radiation spectra 
were carried out on the basis of equations (5) and (6) 
taking into account the corresponding coherence factors. 
Spectral distribution of synchrotron radiation power is 

obtained for 1=extB Gs, 111024.0 ⋅=⊥vacV cm/s, 
10

|| 1015.0 ⋅=vacV cm/s, 11102997925.0 ⋅=c cm/s, 

22850 =jr cm, 8
0 10105.0 ⋅=ω j rad/s (j=1,2,…,7). 

The total radiation power of a single electron in 

vacuum 14
1 102852.0 −⋅=tot

vacP erg/s calculated according 
to relationship (14) is in good agreement to the power 

14int
1 102839.0 −⋅=vacP erg/s determined after integration of 

relationships (5) and (6) at ( ) ( ) 11 == ωω SSN . 

For the time shifts 02
)2(

12 /001.0 ωπ⋅=∆t  the 

coherence factor ( ) 42 ≅ωS  and two electrons radiate as a 
charged particle with the charge e2  and the rest mass 

02m  (curve 2 in Fig. 2), i.e. by a factor of four higher than 

a single electron ( 13int
1

int
2 101136.04 −⋅=⋅≅ vacvac PP ). Here 

the upper index (2) and other similar ones further mark the 
corresponding curves in the plots. 
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Fig. 1. Synchrotron radiation spectrum of a single 
electron    moving   in   a   spiral  with   radiation   power  

                       14int
1 102839.0 −⋅=vacP erg /s. 

 

0 5 10 15 20 25 30 35 40
0

20
40
60
80

100
120
140
160
180
200

2

ω/ω0j

W(ω)⋅ω0j  (10-16
⋅erg/s)

 
Fig. 2. Synchrotron radiation spectrum of two electrons 
moving in a spiral for the time shift 

02
)2(

12 /001.0 ωπ⋅=∆t      with       radiation      power  

                      13int
2 101135.0 −⋅=vacP erg /s. 

 
 

For the time shifts 03
)3(

23
)3(

12 /001.0 ωπ⋅=∆=∆ tt  the 

coherence factor ( ) 93 ≅ωS  and three electrons radiate as 
a charged particle with the charge e3  and the rest mass 

03m  (curve 3 in Fig. 3), i.e. by a factor of nine higher 
than a single electron ( 13int

1
int

3 102555.09 −⋅=⋅≅ medmed PP erg/s). 
For the case of four electrons at the time shifts 

04
)4(

34
)4(

23
)4(

12 /001.0 ωπ⋅=∆=∆=∆ ttt , the coherence 

factor ( ) 164 ≅ωS  and four electrons radiate as a charged 

particle with the charge e4  and the rest mass 04m  (curve 
4 in Fig. 4), i.e. by a factor of sixteen higher than a single 

electron ( 13int
1

int
4 104543.016 −⋅=⋅≅ vacvac PP erg/s). 
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Fig. 3. Synchrotron radiation spectrum of three  
electrons moving in a spiral for the time shifts 

03
)3(

23
)3(

12 /001.0 ωπ⋅=∆=∆ tt   with radiation  power  

                       13int
3 102554.0 −⋅=vacP erg/s. 
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Fig. 4. Synchrotron radiation spectrum of four  electrons 
moving in a spiral for the time shifts 

04
)4(

34
)4(

23
)4(

12 /001.0 ωπ⋅=∆=∆=∆ ttt           with  

        radiation power 13int
4 104540.0 −⋅=vacP erg /s. 

 
 
In the case of uniform location of two electrons (one 

the opposite gides of a convolution) at the time shifts 

05
5

12 /ωπ=∆t  any  radiation at the frequencies 
( ) 0512 ω−i  (i=1,2,…,20) is absent  (curve 5 in Fig. 5). 
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Fig. 5. Spectral distribution of synchrotron radiation 
power of  two electrons moving one by one in a spiral for 

       05
)5(

12 /ωπ=∆t  and 14int
5 104441.0 −⋅=vacP erg/s. 
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In the case of uniform location of three electrons 
along spiral at the time shifts )3/(2 03

)6(
23

)6(
12 ω⋅π=∆=∆ tt  

we have found that any radiation also is absent at the 
frequencies ( ) 0623 ω−i  and ( ) 0613 ω−i  (i=1,2,…,13) 
(curve 6 in Fig. 6). 
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Fig. 6. Spectral distribution of synchrotron radiation 
power of three electrons moving one by one in a spiral 
for   the   time      shifts   )3/(2 06

)6(
23

)6(
12 ω⋅π=∆=∆ tt    and  

                         14int
6 107602.0 −⋅=vacP erg/s. 
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Fig. 7. Spectral distribution of synchrotron radiation 
power of four electrons moving one by one in a spiral for 

)2/( 07
)7(

34
)7(

23
)7(

12 ω⋅π=∆=∆=∆ ttt              and  

                            13int
7 101135.0 −⋅=vacP erg/s. 

 
Similar in the case of uniform location of four 

electrons along spiral at the time shifts  
)2/( 07

)7(
34

)7(
23

)7(
12 ω⋅π=∆=∆=∆ ttt  any radiation is absent 

at the frequencies ( ) 0734 ω−i  ( ) 0724 ω−i  and 
( ) 0714 ω−i  (i=1,2,…,10) (curve 7 in Fig. 7). 

 
 
4. Conclusions 
 
The influence of the Doppler effect determines the 

band’s boundaries of separate harmonics in the radiation 

spectra of a single, two, three, and four electrons moving 
one by one along a spiral in vacuum. 

For small time shifts two electrons radiate as a 
charged particle with the charge e2  and the rest mass 

02m , i.e. by a factor of four higher than a single electron. 
For uniform location of two electrons along a spiral at 

the time shifts 05
)2(

12 /ωπ=∆t  between them the radiation 

at the frequencies ( ) 0512 ω−i  (i=1,2,…,20) is absent. 
For small time shifts three electrons radiate as a 

charged particle with the charge e3  and the rest mass 
03m , i.e. by a factor of nine higher than a single electron. 
For uniform location of three electrons along a spiral 

at the time shifts )3/(2 06
)6(

23
)6(

12 ω⋅π=∆=∆ tt   between 

them the radiation at the frequencies ( ) 0623 ω−i  and 
( ) 0613 ω−i  (i=1,2,…,13) is absent. 

At small time shifts four electrons radiate as a charged 
particle with the charge e4  and the rest mass 04m , i.e. by 
a factor of sixteen higher than a single electron. 

For uniform location of four electrons along a spiral 
with the time shifts )2/( 07

)7(
34

)7(
23

)7(
12 ω⋅π=∆=∆=∆ ttt  

between them the radiation at the frequencies 
( ) 0734 ω−i , ( ) 0724 ω−i  and ( ) 0714 ω−i  (i=1,2,…,10) 
is absent. 

 
References  
 

  [1] A.V. Konstantinovich, V.V. Fortuna. Izv. Vuzov.  
       Fizika. 26, No12, 102 (1983) (in Russian). 
  [2] I. M. Ternov, Usp. Fiz. Nauk, 165(4), 429 (1995) (in  
       Russian). 
  [3] A. V. Konstantinovich, S. V. Melnychuk, I. M.  
        Rarenko, I. A Konstantinovich, V. P. Zharkoi, J.  
        Physical Studies, 4(1), 48 (2000) (in Ukrainian). 
  [4] A. V. Konstantinovich, S. V. Melnychuk,  
        I. A. Konstantinovich, J. Optoelectron. Adv. Mater.  
        5(5),  1423 (2003). 
  [5] A. V. Konstantinovich, S. V. Melnychuk,  
        I. A. Konstantinovich, Proceedings of the Romanian  
        Academy. A., 4(3), 175 (2003). 
  [6] A. V. Konstantinovich, S. V. Melnychuk, I. A.  
        Konstantinovich. Proceedings of LFNM 2004, 6th  
        International Conference on Laser and Fiber–Optical  
        Networks Modeling. Kharkov, Ukraine, 6–9  
        September 2004, P. 266–268 
  [7] A. V. Konstantinovich, I. A Konstantinovich.  
       Proceedings of LFNM 2005, 7th International  
       Conference on  Laser  and  Fiber–Optical   
       Networks  Modeling. – Yalta, Crimea, Ukraine,  
       15–17 September 2005, P.68–71. 
  [8] A. V. Konstantinovich, S. V. Melnychuk,  
        I. A. Konstantinovich, Romanian Journal of  Physics.  
        50, No 3–4, 347 (2005). 
  [9] A. V. Konstantinovich, S. V. Melnychuk, I. A  
       Konstantinovich. Semiconductor Physics. 
       Quantum Electronics & Optoelectronics. 8(2), 253  



Radiation power spectral distribution of the system of electrons moving in a spiral in vacuum 
 

2147

        (2005). 
[10] A. V. Konstantinovich, S. V. Melnychuk, I. A  
        Konstantinovich, Journal of Materials Science,  
        Materials in Electronics. 17(4), 315 (2006). 
[11] A. V. Konstantinovich, I. A 
        Konstantinovich, Romanian Reports in Physics 
        58(2), 101–106 (2006). 
[12] A. V. Konstantinovich, I. A Konstantinovich.  
        Proceedings of LFNM 2006, 8th International  
        Conference on  Laser  and  Fiber–Optical  Networks   
        Modeling, Kharkiv, Ukraine, 29 June–01 July 2006, 
        P. 287–289. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[13] P. A. M. Dirac. Proc Roy. Soc. 167A(1), 148 (1938). 
[14] B. M. Bolotovskii, Usp. Fiz. Nauk 62(3), 201 (1957)  
        (in Russian). 
[15] A. A. Sokolov, V. Ch. Zhukovskii, M. M. 
        Kolesnikova, N. S. Nikitina, O. E. Shishanin, Izv.  
        Vuzov. Fizika No2, 108 (1969) (in Russian). 
 
 
 
 
 
________________________ 
*Corresponding author: aconst@hotbox.ru; aconst@ukr.net; 
                                      theorphys@chnu.cv.ua 
                                       
 


