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1. Introduction

Optical metamaterials is a cutting edge technology
that is being studied in the context of optical fibers at
present times. These metamaterials carry a lot of promise
and hope to address the dynamics of solitons through
optical fibers. The integrability aspect of the model
equation is being investigated by several authors across the
globe, since its first appearance in 2011 [1-20]. Since
2011, there is always a constant thrive to extract soliton
solutions to the model. There are several integration
techniques that are being applied to secure soliton and
other solutions to the model. Several of these results are
already reported during the past few years [1-5, 11].

This paper utilizes a different and unique approach to
retrieve soliton solutions to the model that is studied in
metamaterials. This is the mapping method. This scheme
obtains doubly periodic functions to the model and finally
in the limiting case for modulus of ellipticity, solitons
emerge from the mathematical analysis. The scheme is
applied to two forms of nonlinear media, which are Kerr
law and parabolic law. The details are described in the rest
of the paper.

2. Overview of mapping method

In this section, we give an analysis of mapping
methods which will be employed in this paper [6, 7, 9].
The analysis given below is in general for a system of
partial differential equations (PDE)s [10] but in this paper
we have applied it for a single PDE.

Consider a nonlinear coupled PDE with two
dependent variables U and V and two independent
variables X and t given by

F(u,v,u, Vv, u,V,, U, Ve,-)=0 (1)

where subscripts denote partial derivatives with respect to
the corresponding independent variables and F is a
polynomial function of the indicated variables.

Step-1: Assume that eq. (1) has a traveling wave
solution in the form

u(x,t)=u(§):ZAf‘(§) 1)
V() =v() =Y B (&) @)

where &=X-At , A, B, and A are arbitrary

constants, |, and |, are integers and f' represents
integer powers of f . The first derivative of f with
respect to & denoted by f' can be expressed in powers
of f inthe form

f’Z:pf2+%qf“+r ©)

where P , ( and I are arbitrary constants. The

motivation for eq. (3) was that the squares of the first
derivatives of Jacobi elliptic functions (JEF)s can be
expressed in even powers of themselves.



512 E. V. Krishnan, M. Al Ghabshi, Q. Zhou, K. R. Khan, M. F. Mahmood, A. Biswas, M. Belic

Step-2: Substituting eq. (2) into eq. (1), the PDE
reduces to an ODE. Balancing the highest order derivative
term and the highest order nonlinear term of the ODE, the

values of |, and |, can be found.

Step-3: Substituting for U and V and using eq. (3),
the ODE gives rise to a set of algebraic equations by
setting the coefficients of various powers of f to zero.

Step-4: From the values of the parameters A ,

Bi , P, gand I, the solution of eg. (1) can be derived.

Thus a mapping relation is established through eq. (2)
between the solution to eq. (3) and that of eq. (1). It is to
be noted that if the values of |, and |, are integers, we

can use the method directly to get a variety of solutions in
terms of hyperbolic functions or JEFs. If they are non
integers, the equation may still have solutions as rational
expressions involving hyperbolic functions or JEFs.

3. Application to metamaterials

The mapping scheme described above will be applied
to optical metamaterials. The governing equation for
optical metamaterials is given by the nonlinear
Schrodinger’s equation (NLSE) given by

iq, +aq,, + F(q")q=iaq,
+iA(o"a), +iv(al),a @)
+ 01(|q|2q)xx + 92|q|2qxx + HSquix = O

In (4), the dependent variable that represents the
complex valued wave profile is denoted by Q and its

complex conjugate is q*. The independent variables are

X and t which represents spatial and temporal variables.
Next, the first term on the left hand side is linear evolution.
The coefficient of a is the group velocity dispersion
(GVD) and the nonlinearity is represented by the
functional F . On the right hand side, « is the coefficient
of intermodal dispersion, while A is the self-steepening
term to avoid the formation of shock waves and v gives
the coefficient of nonlinear dispersion.  Finally the

coefficients of Hj for j=1,2,3 are accounted for

metamaterials [1-4, 11].
Also in (4), F is a real-valued algebraic function
and it is necessary to have the smoothness of the complex

function F(|q|2)q:C > C . Considering the complex
plane C as a two-dimensional linear space R?, the

function F(|q|2)q is K times continuously differentiable,
so that [1]

2 0
F(q)ae UCK((—n,n)x(—m,m); Rz) (5)
m,n=1
This paper wil consider only two forms of
nonlinearity. They are Kerr law and parabolic law that are
discussed in details in the next two subsections.

3.1 Kerr law nonlinearity

This law arises when the refractive index of light is
intensity dependent. For Kerr law nonlinearity, F(S) =S

and therefore this form of nonlinearity is also referred to as
cubic nonlinearity. Most commercial optical fibers obey
this Kerr law of nonlinearity. For Kerr law medium, the
NLSE given by (4) modifies to

iq, +aq,, +blg| g =iog,
+ia(af" @), +iv(a[),q ©)
+ 6,1l ) + 6,/ A + 6,075, = 0

To derive soliton solutions, the starting hypothesis is
q(x,t)=P(x,1)e", p=—ax+at+0 (7

where x is the wave number, @ is the soliton frequency

and @ is the phase constant. Substituting eq. (7) into eq.
(6) and separating them into real and imaginary parts, we
obtain

(w+ ax +ax?)P
+[x(A - &6, — k6, — k6,) - b]P*

2 2
_aZP +6P(8—Pj 6, 8)

0°X ox

o°P

0% X

+(360,+ 6, +0,)P? 0

and

P _ (a+ 2a/c)a—P =
ot OX

oP ©
(34 +2v —66,x — 20,k + 20,x)P? —

respectively.
Next, considering the traveling wave solution

P(x,t) = P(z) where 7 =B(X —Vvt), where B and v
are constants, eq. (8) becomes
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(0+ax +ax?)P

+ [k (A — k6, — k6, — k6,) — b]P*
—aB’P"+6PP"’B?6,
+(360,+6,+6,)P’B*P"=0

(10)

where prime denotes differentiation with respect to
7 . The imaginary part leads to the relations

V=—a-2ak (11)
and
31+2v-2x(36,+6,-6,)=0 (12)

Eq. (11) gives the speed of the soliton and eq. (12) is
the constraint relation that must be valid in order for the
solitons to exist.

Now, Eqg. (10) can be written in the form

P"= AP+ AP’ + APP? + APP" (13)

where,
A= o+ o;ch;r aK’ 141)
A = k(A —x6, _a’;% —-Kk6,)—Db (14.2)
%=%? (14-3)
A = 360, +6,+0, (14-4)

Applying the mapping method, we can assume the
solution structure of eq. (13) in the form [6, 7, 9]

P(r)=a,+a,f(7) (15)

where f satisfies eq. (3). Substituting eq. (15) into eq.
(13) and using eq. (3), we obtain a polynomial in f given
by

a pf +a,qf*=A(a, +a,f)

+A,(ad +3ala, f +3a,a’f?+a’f?)
a,a’r +ad +a,a’pf’

J’_

%+amﬁ+§%#m4 (16)
[aZa, pf +2a,a’pf 2

+A,|+(@aq+a’p)f’

=

+2a,a’qf * +a’qf °

Equating the coefficients of different powers of f in
eq. (16), we arrive at the following algebraic equations:

f° :laf’qA3 +a’gA, =0
- a7
= A+A=0

fer laoaqu3 +2a,a’gA, =0
12 (18)
= A+2A =0

Egs. (17) and (18) lead us to A, =0 and A, =0.
This gives rise to 6, =0 and 8, =6, =0 . From the

coefficients of T3, f2 and the constant term, we obtain

a0=0,a1:i\/%,Al=p (19)

So, we can easily see that @, can be written as

2
al:i\/q(a)+a/c+a1( ) (20)

p(xA —Db)

Case-1: p=—(1+m?), q=2m? r=1
Here, eq. (3) gives f(z)=sn(7). In this case, eq.
(4) gives rise to the periodic wave solution [8]

(x.) = & 2m*(w + ax +ax?)
at== (1+m?)(b-xA) (1)

% Sn[B(X _ Vt)]ei(—xx+wt+6)
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As Mm—1, eq.(21) one recovers dark soliton
solution

a)+aK+aK2
)= [CTIETIE
D=5 " (22)

X tanh[B(X _ Vt)]ei(—m+a)t+g)

Case-2: p= 2m? -1, g= -2m?, r=1-m?
So, eq.(3) yields f(z)=cn(z) . In this case, eq.
(4) gives rise to the periodic wave solution [8]

(2m? —1)(b—xA) (23)

x cn[B(x —vt)]e' 9

2 2
q(x,t)=i\/2m (0+ak+ax®)

As m—1  eq.(23) one obtains bright soliton

solution
2(w+ ax +ax?)
X,t)==
(. \/ o N
X SeCh[B(X — Vt)]ei("‘““‘*@)

Case-3: p=—(1+m?), q=2, r=m?
Here, eq.(3) gives f(7)=ns(z). Therefore, eq.
(4) gives rise to the periodic wave solution [8]

(x.1) =+ 2(0+ ax +ax?)
axb== (1+m?)(b—«A) (25)

x NS[B(x — vt)Je'C+et+)

As M — 1, eq.(25) leads us to the singular soliton
solution

o+ ak + ax’
) =4, 2T OKT AR
D=5 =" (26)

x COth[B(x — vt)]e'

These solitons and doubly periodic solutions, listed in
(21)-(26) immediately introduce the constraint condition

(b—/d)(a)+m<+ aK2)> 0 (27)

Thus, the solitons and doubly periodic functions will
exist provided the constraint relation of the parameters
hold.

3.2 Parabolic law nonlinearity

The equation under consideration, for this law of
nonlinearity, is

iq, +aq,, + (b1|q|2 + b2|q|4)q =ia,
+ia(d ), +iv(d’).a (28)
+ 91(|q|2q)xx + 92|q|2qxx + 93q2q:x = O

This law is commonly known as the cubic-quintic
nonlinearity. The second term of nonlinearity on the left
hand side of (28) is large for the case of p-toluene
sulfonate crystals. This law arises in the nonlinear
interaction between Langmuir waves and electrons. It
describes the nonlinear interaction between the high
frequency Langmuir waves and the ion-acoustic waves by
pondermotive forces.

Substituting eq. (5) into eq. (28) and considering the
traveling wave solution as in section 3, the imaginary part
remains the same as before and the real part becomes

P"= AP+ AP*+ APP” o)
+AP°P"+ AP®

where , A, A,, Ay and A, are as in eq. (14) with b

replaced by by and A, =—b,/(aB?).

Assuming the solution of eq. (29) in the form of eq.
(15) and using eq. (3), we get a fifth degree polynomial in
f . The coefficients of different powers of f give rise to
a set of algebraic equations whose solutions give

2 _ _ 2
a,-0,a, - apB° —w : aK —ak (30)
6B°76,

and get the constraint condition
qrA; +207AA, —2AA +2pA =0 (31
Case-1: p=—(1+m?), q=2m? r=1

Here, eq. (3) gives T (7)=sn(7). In this case, eq.
(28) gives rise to the periodic wave solution [8]

q(x.t) = _a(1+m2)Bz+a)+01K+aK2
T 6B%6, (32)

x SN[B(x — vt)]e' "+

As M — 1, eq.(32) leads us dark soliton solution
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2 2
qx,t) ==+ _2aB +w+ ok +akx
6B%6, 33)

x tanh[B(x — vt)]e' )

Case-2: p= 2m? -1, g= -2m?, r=1-m?
So, eq.(3) yields f(z)=cn(z) . In this case, eq.
(28) gives rise to the periodic wave solution [8]

q(x.t) = + a(2m’ -1)B* - w - ax —ax’
T 6B2(1-m?)6, (34)

x cn[B(x —vt)]e' "+ 4+¥)

As M —1, eq.(34) does not give rise to a solitary
wave solution.

Case-3: p=—(1+m?),q=2, 7=m’
Here, eq.(3) gives f(z)=ns(z). In this case, eq.
(28) gives rise to the periodic wave solution [8]

q(xt) =+ _a(1+m2)82+a)+al(+al('2
T 6B°m?6, (35)

x NS[B(x — vt)]e' " +4+)

As m — 1, eq.(35) leads us to the singular solitary
wave solution

2 2
qx,t) =+ _2aB +w+ ok +akx
6B°6, (36)

x COth[B(x — vt)]e' "+

It needs to be noted that the doubly periodic
functions, for this law of nonlinearity, given by (32) and
(35) will exist provided

Hl{a(1+ m?®)B? +a)+az<+a/<2}< 0 @)

Consequently, dark soliton and singular soliton will
exist if

01(26182 +w+ azc+a1<2)<0 (38)

Finally, the cnoidal wave solution given by (34) will
exist with the constraint

6,fa(2m’ ~1)B? —w—ax+ax’[>0 (39)

4, Conclusion

This paper retrieved soliton solutions to the NLSE in
optical metamaterials with Kerr and parabolic law
nonlinearity. The mapping method is applied to obtain
these solutions. The results of this paper came with certain
constraints that must hold for these solitons to exist. These
soliton solutions are recovered after a limiting process
applied to doubly periodic functions when the modulus of
ellipticity approached unity. This approach is therefore a
very unique method to derive soliton solutions.

Later the results will be extended to the case when
several perturbation terms will be considered. Better yet,
soliton perturbation theory will be applied to give the
adiabatic variation of these soliton parameters. Several
other integration tools will be adopted to obtain soliton
and other solutions. The results of those researches are
awaited at this time.
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