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Study of nonlinear deformatios of binary alloys with
cubic structure
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We have investigated the analytic expression for the strain-energy density of the binary alloys AB with b.c.c. and f.c.c.
structure by the statistical moment method (SMM). The relation of the real stress o, and the strain ¢ for nonlinear deformed
binary alloys are obtained. The influence of the temperature on the stress-strain curve and the maximum real stress Ormax Of
disorder alloys is investigated. The obtained results are applied to the V-0.10W, V-0.10Nb, V-0.10Ta, V-0.20Ta, Ta-0.10W,
Ta-0.15W, Al-0.038Mg, Al-0.08Mg, Al-0.10Mg, Al-0.045Cu and Cu-0.10Zn alloys and compared with the experimental data.
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1. Introduction

Nonlinear deformation is one of the most important
considerations in structure application of solid materials.
Studies of temperature dependence for nonlinear deformed
polymers, metals and alloys are presented by many
researchers. In these works, the authors obtained the
temperature dependence of elastic and nonlinear
deformation by experimental and empirical methods; some
of these studies are listed in Refs. 1-3. At high temperature
regions, the stress o depends strongly on the deformation

. S .
rate € = d— , therefore, the equation of deformed state has
t

the form f(o, €, 6, €, T) =0.

Since all these parameters of equation depend on
temperature T, and formula for calculation of coefficients
of equation depends not simply on these parameters.
Therefore, the temperature dependence of the stress ¢ and
the strain & for nonlinear deformed metals and alloys can
be found by experimental way [4]. The systems considered
at high temperatures require the allowance for inharmonic
effects. Influence of the thermal lattice expansion on the
strain € plays an important role and can not be neglected.

In this study, we present a new theoretical scheme on
the nonlinear deformation of binary alloys based on the
statistical moment method (SMM) [5, 6]. The analytic
expression for the strain-energy density (SED) and the
relation of the real stress o, and the strain € for nonlinear
deformed binary alloys are obtained. The inharmonic
effects of lattice vibrations on the stress-strain curve and
the maximum real stress Gy, Of the alloys have also been
studied. The SMM calculations are performed by using
effective pair potentials for V-0.10W, V-0.10Nb, V-
0.10Ta, V-0.20Ta, Ta-0.10W, Ta-0.15W alloys with body-

centered cubic structure (b.c.c.) and Al-0.038Mg, Al-
0.08Mg, Al-0.10Mg, Al-0.045Cu and Cu-0.10Zn alloys
with face-centered cubic structure (f.c.c.) and compared
with the experimental results.

2. Theoretical aspects

2.1 Free energy and the strain-energy density of
binary alloys

Assume that an alloy AB has N atoms. C, and Cg are
the concentration of atoms A, B, respectively. Denote v,,
vy, the concentration of the lattice points of type a, b. The
probability of atom a located in the lattice point a, b, is
notated with p®, p’ (o = A, B). Probabilities p” (o = A,
B; B = a, b) satisfy the following relations:
pL+p,=Lpi+p;=Lvp +v,p,=C;vp;+v,p;=C,

Using the pair interactions and method of coordination
spheres, the interaction energy of the binary alloys AB can
be written as

N - .
U =D lva Pag (13 +u )+ vu i (13 +u) -+, Pied (Ja + )+, pigk (fa +u) = 2o, plu?
i ap

(M

a

in which the quantities u’ =§Z(pgi(lai +ui|) have

the form of the interaction potential energy of the N atoms
system. The atoms chosen as base are atom o located in 3
point of the lattice. This system is called effective system

(a, B). Ineq. (1), (p[;i is the potential energy of interaction

between particle i-th and the base particle; a; is the vector
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determining the equilibrium position of particle i; u; the
displacement of i-th particle from it’s equilibrium
position. Thus the free energy of the system may be
determined by the combination of the free energy of these
effective system (o, B) as

F = (0, piF: +0,PRFY +0, DFs +u,ppFy )~ TS = Zu p’E/ TS
2

where Ff is the free energy of the effective system (a., B)
and S is the entropy of mixing

kil (Nat+Ng)!
S _ksln[ RN 3)

with Kg is the Boltzmann constant.

In order to define F” we use the (SMM) described in

o
[5,6]. The free energy of the effective system (c, ) will
have form of the free energy of the systems of N harmonic
oscillator [7]

ﬂ
F/ 3N{g’+k T[xﬂ+1n(1 e 2% )}} )

with
s
xf:hw“: U kZ/m", )
2k,T  2k,T

where m" = C, my + Cg mp; my,, mg are the mass of atom
A and B, and the sum of the effective pair interaction

energies of the effective system (a, ), U, _, is given as

ul, = oh(a,)) ©)

In eq. (5), the second - order vibrational constant, kz ,
is defined by

1 aZ(PB. * 2
kE:—Z(—“‘J =m’ (o] ). ™
254\l ).

It is noted that when using eq. (4) the values of

parameters u’ kz are taken at temperature T.

We study the nonlinear deformation of binary alloys
in the condition of constant deformation rate. The strain-
energy density (SED) has been used by Sih [8] and
Nernat-Nassen [9] for the nonlinear deformation metals
and alloys. The relation between the SED and the work
density WP has the form

t
SED= [o,de, » W® =o,8",

/2
PP
where € = [%} for the proportional straining and
O ; is the flow stress or engineering ultimate stress.

In the present paper, the strain-energy density (SED)
is given as

SED= F'(¢)-F"(0)=Cose, ®)
F(e) F©O)
F — =
(6)= Vo) F'(0)= V..

where F'(0), F'(&) are the free energy of a volume
unit of the binary alloy without deforming and with
deforming by the external force p, respectively; C is the
proportional coefficient deriving from the experimental
data.

In the case of nonlinear deformation, the strain ¢ << 1,
we can expand the free energy y(g) as a power series of
the strain ¢

oF 1(0°F
F F(0)+ E+— e
(g) ( ) (agj-l- € 2[66‘2 ]T &

If the truncate the above expansion up to the second-
order terms, the free energy y(g) has the form

F@)) _ 1[F@) .
()= F(O)+( O¢ jT g+2[ os’ ]T & 0

Therefore, the strain-energy density (SED) of
nonlinear deformed alloys is given as

f(¢)=SED = F(O)( 1} £ [aF(E)] L £ (azF(f)J
Vs (8) VAB V@ 0 JT () 0 )T

(10

where V, (¢)=Nv,,(¢)and v, (€)=

\/— a8 (8)

2 5 .
and v AB(S)ZTaAB(S) for a deformed alloy with

b.c.c. structure and f.c.c. structure, respectively.
It noted that the nearest neighbor distance asg of
binary alloys is given as [10]

B.., B
—=+Cia,—, (1)
B B.

T T

C.,a

aAB_ ATA

where

BT = CABT,A + CBBT,B’
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B f O, ) o, f(0k,) 1 (ak, ) (a.)
" 4a, oa® ). 4k [\ @a® ), 2k \ da ), ||\ a,

(12)

with a,, (o0 = A, B) is the nearest neighbor distance at T =

OK of the pure metal a, a, is the nearest neighbor distance

at temperature T of the pure metal a, and the sum of the
effective pair interaction energies of the pure metal o, Uyq,

is given as
= > 0% (al)) (13)

In eq. (12) the second - order vibrational constant,
kq, is defined by

I <[ 9¢r, :
k, ==Y |—~| =m0, (14)
2 i auix
eq
where @] is the effective interaction energy between the

zero-th and i-th atoms and v; is the displacement of the i-th
atom for the pure metal .
The nearest neighbor distance asp(e) of binary
deformed alloys has the form analogous (11)
T B ( )

TA()
AB :C B B
2, (€) () (8) () B (o)

BT (€) have the form analogous (12),

«(15)

where B, (€),

but the sum of the effective pair interaction energies,
Uyu(€), the second-order vibrational constants, k, (€), the
vibrational frequencies, m,(€), depend on the strain €.

The strain-energy density of the deformed alloys
(10) can be written as

1 € oY oa,,
f(e) = [VAB( )_VJ O+ VAB(s)(éaABJT( s JT

. g’ o'y da,, ) N ¥ 0%a,,
2V . ()|l 6a’, JT\ 2 ) T |@da,, )T\ & )T|

(16)
Where

oF o/
, 17
[6aABJT azﬂl /’p“[a ABJT an

o g ot 24
[—ZJT:Zvﬁpf[ ; (18)
Oapg o7 Oapg
EORERILIC) IO
oe )T B, oe )T B oe )T

Pom) Lo, BuafTn) o Bra (0o
oe JT- "B | ae2 JT P B | ae2 T

(19)

It is noted that the terms (aaaj

0%a,
0O og* )T
are given as

Oa 0’a
«| —2a (1+g), |L2| =2a . (o
( Ot jT 2. (l+e) [ og’ jT A (0)

With the aid of eq. (4) the expression of the terms
B 28
[@J ’[6 FHJ in the egs. (17) and (18) are
T

oa oa’
determined in the form
[OFHI}(‘E)] :l[Li“)] 130% cothx! —— [akf(‘r)] . @1
day JT 2| day T “ “2kZ(e)\ day T

62Fa’i(5) :l é’zuf(i(s) + Sha)f |— ﬁzkf(s) 1 ((‘kﬂ(g) . @)
cal, JT 2 day JT 4kl(o)|| oay, JT 2kl ca, )T

From egs. (16), (17), (18), (19) and (20) we obtain the
expression of the SED

. pep e(l+e) ( oF/
1= [ @) VAB]LZ;‘“”’ F TS} Vol 25, 2 Z“”p[ ]T+

+zv,w<s>{Z ”pﬂ[caA
In the cases of disorder alloys AB with very small
component B (Cp << C,) we have [7]

pi=pi=C,, Pi=pp=

a} +Zuﬂp”( ] >c, B“*Za0 }

(23)

Fl=F.=F,, FA=F =F,.

By replacing these values in (2) we can find the free
energy of system
F =(Ua PA+G, DZ) Fa +(Ua Pe +0, pg)FB -TS
24

=C,F,+C,F, -TS =N,F, +N,F, -TS,

here F/: , FB* is the free energy of atom A and atom B

surrounded by atoms A on the two first and second
coordination spheres.

From egs. (23), (24) we obtain the expression of the
strain energy density of disorder alloys

g _ e(l+¢)
= (m(n vAeJ[ECF TS] Voo 255 za"z [ J

& O°F, : B,
+72vAE(s>{§C”[E]T{(M)gc" B 2a, } +ZC [

] >c, —Za } (25)

2.2 Stress-strain relation for the nonlinear
deformed binary alloys

For the nonlinear deformed binary alloys, we present
the dependence of the stress ¢ on the strain € as
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oc=0,-¢& (26)

with 0, and y are constants for a given alloy. It is noted

that the relation between the real stress &, appearing in
the deformed sample and the stress on an area unit of
sample o is

o
G, =— . (27)
l+¢

Since the strain g, corresponding to the maximum

real stress O

rmax 1S determined by
oo, _0
oe
using eqs. (26) and (27) one can find the following
relations

Y
E =——, 28
Ty (28)
£

O max = Oo l+g : (29)
p

On the other hand, from egs. (8), (25) we realize that

f (8) is a function achieving the maximum value at the

strain & b

fe,)=f =Comé

max~p *
Therefore, we can easy obtain the maximum value of
the stress 0, as

f
c_ =— 30)

From egs. (27) and (30) the maximum real stress
o, is given as

I max

o-max fmax
€3]

- l+g, - Csp(1+sp)'

r max

In eq. (31), C is a proportionality coefficient and
determined from eq. (8) and the experimental value of the

stress 0, for a given alloy as

_ f(ey,)
G,,.€ ’

C (32)

02702

where the strain € ,= 0.2 % corresponding to the stress

Oy, -

From egs.(29), (31) and (32), it is easy to obtain the
expression of the constant G, as

f c

max 0.2 €

O, =T
fle,,) e,

22 (33)

Using eq. (25), one can find the strain g, corresponding to
the maximum value of the strain-energy density fi.x =
f(ep) for disorder binary alloys. With the aid of egs. (28)
and (33), the values of the y and G, constants are obtained.
Therefore, the dependence of the stress o7 on the strain &
(26) for nonlinear deformed disorder alloys is calculated.

3. Numerical results for disorder binary alloys
with cubic structure

Table 1 summarizes the experimental data of potential
parameters for b.c.c. and f.c.c. metals. The pair interaction
potentials between two atoms of pure metal o is given as

0" (r)=—2— m(r(’j —n(“’} E
n—m T T

(" denotes the potential energy of interaction between

two atoms o and a (a, o = A, B). In order to apply the
theoretical calculation presented in the section 2, we used
the following approximation

o =(o" +o" )2,

The dependence of the real stress 0, on the strain &

for the nonlinear deformation process of disorder alloys is
calculated. These results are presented in Fig. 1.
In Tables 2, 3 and 4 we compare SMM calculated

results of o, for the b.c.c. alloys and the f.c.c. alloys
with the experimental data. The present SMM calculations

of the maximum real stress O, . at various temperatures

ax

T agree with experimental values. Tables 2, 3 and 4 show
that O

rmax and the strain g, corresponding to O, asa

r max
function of the temperature T. We have found that the

stress O, and the strain & depend strongly on the

I max
temperature T. The decrease of the real stress o, with

increasing temperature arises from the thermal lattice
expansion and the inharmonic effects are included through
the explicit volume dependence of the vibrational
frequency and the temperature dependence of the free
energy.

In conclusion we have given out the analytic formula
for the strain-energy density (SED), the stress-strain

relation and the maximum real stress 0, for nonlinear
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deformed disorder alloys. The SMM calculations are
performed by using effective pair potentials for V-0.10W,

V-0.10Nb, V-0.10Ta, V-0.20Ta, Ta-0.10W, Ta-0.15W,

Al-0.038Mg, Al-0.08Mg, Al-0.10Mg, Al-0.045Cu and Cu-

0.10Zn alloys. In general, we have obtained good
agreement in the maximum real stress O

'max

theoretical calculations and experimental values.

Table 1. Experimental values of potential parameters n, m, D and r, for metals [11].

Metals n m r, (A) D/kg (K)
W 10.5 7.0 2.7365 11278.8
Ta 11.0 6.0 2.8648 8508.1
Nb 8.5 5.0 2.8648 8307.3
A% 14.0 9.5 2.6055 5782.6
Al 12.5 55 2.8541 2995.6
Mg 14.0 4.5 3.1882 1499.3
Cu 11.0 55 2.5487 3401.1
Zn 10.0 5.5 2.7622 1681.5

Table 2. SMM calculation results and experimental values [12] of O,

r max

temperatures for Ta-based (b.c.c.) alloys.

(in 108 Pa) and the strain & (in %) at various

T=1083K T=1473K T=1643K T=1923K
Auoys Sp c I max Sp c T max Sp c I max Sp c I max
SMM  Exp. SMM  Exp. SMM  Exp. SMM  Exp.
Ta-0.10W 5.6 9.69 7.07 — e - 5.1 1.83 1.52 4.0 1.14 0.82
Ta-0.15W — - - 43 3.36 3.25 — e - — e -
Ta-0.20W - e - 52 4.19 340 - e e - e e
Table 3. SMM calculation results and experimental values [12] of o, .. (in 10° Pa) and the strain &, (in %) at various

temperatures for V-based (b.c.c.) alloys.

between our

T=293K T=923K T=1253K
All
RA 8p Ot max Sp O max Sp Ot max
SMM Exp. SMM Exp. SMM Exp.
V-0.10W 42  6.62 539 3.8 494 2.55 3.6 4.01 1.25
V-0.10Nb 42 713  6.28 3.8 527 5.39 3.6 427 2.55
V-0.20Nb 43 792 736 39  5.69 5.59 37 448 382
V-0.10Ta 42 711 6.08 3.8 5.09 3.63
V-0.20Ta 43 631 7.06 39 430 4.41

Table 4. SMM calculation results and experimental values [13] of O,

I max

temperatures for Al-based (f.c.c.) alloys.

(iin 108 Pa) and the strain & (in %) at various

T=300K T=500K T=700K
AHOYS 8p O ¢ max Sp O max 8p O max
SMM Exp. SMM Exp. SMM Exp.
Al-0.038Mg 6.1 157 1.86 5.8 141 - 5.5 1.27 -
Al-0.08Mg 62 261 2.89 59 232 - 57 202 -
Al-0.10Mg 62 312 3.17 60 269 - 57 239 -
Al-0.045Cu 46 226 220 45 206 - 4.3 1.92 -




2432

T. H. Nguyen, C. Gheorghies

50

454

40

5, (10%Pa)

35

30

524

401

44

o, (10%Pa)

——T=23K
—o—T=1253K

324
3.1
3.0+
294
2.8+
2.7

o, (10%Pa)

e(%)
(b)

—e— T=300K
—a— T=500K

O o S S
2.6
254

24

2.24

2.164

2.084

o, 10%Pa)

1.924

500 /,'——‘Aw\‘

d)

Fig.1. The dependence of stress o on the strain & for

nonlinear

deformed  disorder

alloys at various

temperatures T: (a) V-0.10W alloy; (b) V-0.10Nb alloy;
(c) Al-0.01Mg alloy and (d) Al-0.045Cu alloy.
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